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Abstract.

What humans and machines do is subject to resource con

straints: energy, memory, computational time and so on. As

ymptotic analysis is a technique from theoretical computer sci

ence that measures how resource usage grows as a function of 

the size of an instance of a problem. Philosophers and cogni

tive scientists interested in formulating theories that respect 

resource constraints have therefore looked to asymptotic 

analysis to determine which theories do and don’t respect re

source constraints, which I call ‘tractability constraints’.

The central argument of this thesis is that almost all ar

guments appealing to asymptotic analysis in the study of cog

nition and human language make a fundamental structural 

mistake in considering the so-called worst case of problems. 

They should, I claim, instead impose a tractability constraint 

on the worst case that might easily counterfactually have been 

observed. This leads to a pessimistic diagnosis of the existing 

literature: it imposes a tractability constraint on the wrong 

cases.

The concrete examples this thesis examines in detail 

both concern language; one is about language processing and 

semantics, and the other about language acquisition and the 

Chomskyan programme. However, some broader implications 

are sketched, first for the resource-constrained study of cogni

tion generally, and, second, for the Chomskyan programme’s 

broader implications for the relationship between language 

models and human language.
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i Preliminaries.

§ 1 I first motivate a critical examination of asymptotic 

analysis in philosophy, cognitive science and linguistics, by 

mentioning some arguments that employ asymptotic analysis.

§ 2 Asymptotic analysis is used, very roughly, to offer a 

working definition of ‘too hard’. In three dialogues, I give an in

formal exposition of why I think much existing work appealing 

to asymptotic analysis has gone partly wrong.

§ 3 I offer an outline of the remainder of the thesis.

1 The use and abuse of asymptotic arguments.

Why should we care about asymptotic analysis in philosophy? 

The simple answer is that either we can use asymptotic analy

sis to deliver some quite interesting conclusions in the philoso

phy of mind, language, linguistics and cognitive science, or 

others have abused asymptotic analysis to deliver misleading 

arguments to that effect. I give three examples here. We will 

later discuss the merits of the language-related arguments in 

detail. Although I think my arguments would also largely ap

ply, mutatis mutandis, to the other cases, I leave them beyond 

the scope of this thesis. In this section I simply propose to 

state their conclusions, to preliminarily motivate the questions 

examined in this thesis.

1.1 Our knowledge and acquisition of language.

Various asymptotic constraints on theories of language acqui

sition have been offered by philosophers, linguists and cogni

tive/computer scientists. To a first approximation, they seek to 

ensure that theories respect the fact that we have limited com

putational resources at our disposal in language acquisition, 

and, therefore, propose to rule out theories according to which 

we would use more resources than available. Many authors em

ploy asymptotic criteria either as a prima facie argument in 

favour of their preferred theories or a more definitive argu

ment against theories of language acquisition.1

1 Clark and Lappin, Nativism: cap 8; Abe, ‘Feasible learnability of formal 
grammars and the theory of natural language acquisition’; Nowak et al., 
‘Evolution’; Nowak et al., ‘Aspects’: 613; Yang, ‘The Great Number 
Crunch’: 223; Kodner et al., Linguistics will thrive: 5; de Wolf, ‘Applica
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The use and abuse of asymptotic arguments. ĉ i § 1

Some of these authors suggest that their theories re

spect resource constraints, and that is a prima facie (defeasi

ble) consideration in their favour. Principally, these results are 

of interest in linguistics, and, depending on one’s view of the 

syntax–semantics interface, perhaps semantics and philosophy 

of language. Others also use resource constraints as an argu

ment against theoretical rivals.

In this brief survey, I will simply expound a little of the 

most prominent example, namely, the Chomskyan programme. 

Humans, Chomsky has argued, have innate knowledge of lan

guage in the form of universal grammar, which we can take to 

a first approximation to be ‘an intensional definition of a possi

ble human language’ in the form of a grammar (Roberts, ‘In

troduction’: 2). Universal grammar might be very simple in

deed. According to the minimalist programme, a grammar 

strictly only requires a single operation, ‘Merge’, which com

bines two expressions to form a larger one, together with a 

stock of basic expressions to be so combined (Dupre, ‘Innate

ness and Language’: § 3.3). On the other hand, the so-called 

‘principles and parameters’ framework is more heavyweight 

(ibid.: § 3.2). A principle is a ‘universal constraint on what kind 

of languages are possible’. A parameter is a locus of permitted 

variation within a small range of values. For instance, in some 

languages, verbs come before their objects (thus ‘I eat fish’), 

but in other languages, verbs come after their objects (thus ‘I 

fish eat’). A combination of set parameters then determines a 

language. The space of possible parameters ‘define[s] the range 

of possible languages’.

The fate of the Chomskyan programme is of interest to 

philosophers for a number of reasons. One is that it might of

fer succour to rationalists in their dispute with empiricists.2 

Another is that the Chomskyan programme is, in effect, a pro

gramme for the study of language in general. It might, for in

stance, largely rule out the use of statistical methods in lin

guistics and the study of language (see Norvig, ‘On Chomsky 

and the Two Cultures of Statistical Learning’ for a reconstruc

tion of and response to such views). Taking such views further, 

tions’: cap. 2; Heinz, ‘Learning Long-Distance Phonotactics’; Bertolo, ‘A 
brief overview of learnability’; Clark and Lappin, ‘Acquisition’.

2 Scholz et al. (‘Philosophy of Linguistics’: § 4.2.3) survey and contest such 
arguments.
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Preliminaries. ĉ i § 1

we might hold that statistical methods for language (such as 

large language models) have ‘achieved zero’, as Chomsky has 

suggested in an interview (Machine Learning Street Talk, 

The Ghost in the Machine—Noam Chomsky), both in terms of 

their scientific fruitfulness as models of human language, and 

in terms of their own capabilities for the purpose e.g. of au

tomating certain forms of reasoning and cognitive labour.

1.2 Machine learning models as decoys.

A rough description of modern machine learning techniques is 

this. A statistical learner is given many data relevant to the 

problem at hand (vision, language, and so on). It learns, for in

stance, to recognise objects, by observing statistical patterns in 

other examples where we have labelled objects. Moreover, once 

we have succeeded in inducing the system to learn the underly

ing capacity, we may have a model of that capacity useful for 

the purpose of cognitive science.

It is also common to attribute (at least informally) what 

might be paradigmatically human states, such as knowledge or 

understanding, to ai systems: ‘Claude knows lots of mathemat

ics’. Are we mistaken when we attribute these forms of compe

tence? Assume, for the moment, that human knowledge, un

derstanding etc. are paradigmatic of knowledge, understanding 

etc.3 We can then evaluate whether a given ai system’s putative 

‘knowledge’ is of the same kind as our own (and, perhaps, 

whether it even counts as knowledge in the first place). One 

way to evaluate that is to examine the machine learning 

process by which the putative ‘knowledge’ is acquired. Asymp

totic arguments might rule out theories according to which the 

way we learn language differs from the way we train machine 

learning systems. If that is right, that might give a preliminary 

reason not to attribute knowledge or understanding to these 

systems. Even more ambitiously, we might hold that even if 

machines are allowed to learn from us in an optimistically ide

alised régime free e.g. of statistical noise, they will amount to 

‘decoys’ that haven’t really learned what they were meant to. 

Thus van Rooij et al. (‘Reclaiming AI’) offer an asymptotic ar

gument that machine learning couldn’t enable a system to 

3 pace Millière and Rathkopf (‘Anthropocentric bias in language model 
evaluation’).
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What counts as ‘too hard’ in three dialogues. ĉ i § 2

come to know what we do, even in an idealised learning envi

ronment. Learning is too hard, even in a régime idealised to the 

benefit of the learner (ibid.: Theorem 2). They conclude that any 

ai system that purports to have human-level capabilities is, 

therefore, at best a ‘decoy’. ‘Too hard’ is explicated in terms of 

asymptotic analysis. Whether or not their reading of ‘too hard’ 

is correct is therefore of interest.

1.3 Rationality.

Homo economicus, notoriously, maximises expected utility. In 

some environments, that is very hard, and uses far more com

putational resources than would be reasonable. This ought to 

worry anybody hoping to found explanations of human behav

iour on the predicted behaviour of homo economicus.4 The 

same applies to many other models of human behaviour in 

philosophy, the social sciences, and so on.

1.4 The actual scope of the thesis.

I do not propose to explore all these examples. I shall advance 

a general conclusion about the use and abuse of asymptotic 

analysis in cognitive science, philosophy and so on generally. 

But the examples I examine will be limited specifically to the 

case of language: thus, the asymptotics of language. I happen 

to think that my conclusions straightforwardly apply to these 

other fields as well, but I leave that beyond the scope of this 

thesis.

2 What counts as ‘too hard’ in three dialogues.

The central argument of this thesis concerns how philosophers 

should think about when tasks are ‘too hard’. I then apply that 

answer to some of the arguments above. (Roughly, my conclu

sion is that they are far less decisive than traditionally 

thought.) In this section, I informally expound my views about 

that question, in three dialogues. In the first dialogue, I give a 

simple example of how considerations about what is ‘too hard’ 

4 Papadimitriou and Yannakakis, ‘Complexity as bounded rationality’: 
727; Daskalakis et al., ‘The complexity of computing a Nash equilibrium’: 
90; Conitzer and Sandholm, ‘New complexity results about Nash equi
libria’: § 1; Papadimitriou, ‘The Complexity of Finding Nash Equilibria’: 
§ 2.1; Gilboa and Zemel, ‘Nash and correlated equilibria’: § 1.1.
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might inform our views generally. In the next two dialogues, I 

explain two more specific views about how we should make 

such arguments.

2.1 A first dialogue: an Austin Seven.

Consider the following style of argument. Alice and Bob are in 

the other place in 1958. They see the following scene.

alice Oh look, an Austin Seven! What an amusing prank!

bob That can’t be a car. Nobody could possibly have carried 

a car all the way up to the roof—certainly not without their be

ing noticed.

alice It looks very convincing to me.

bob Well, how exactly do you think they got whatever it is 

on the roof up there? A real Austin Seven is very heavy and 

surely some rather elaborate apparatus would have been re

quired. And they would have been stopped.

Bob here seeks to constrain a theory of what is on the roof by 

how it could be lifted onto the roof. And he has posed a rea

sonable question: how exactly could a bona fide Austin Seven 

have been lifted onto the roof? Moreover, if he is right that 

there is no good answer to that question, it is reasonable for 

him to infer that it must be something else (e.g. a very sophisti

cated model).

On the other hand, it so happens that he was wrong. (If 

memory serves, the tabs took the engine out.) The argument 

that lifting an Austin Seven onto the roof of Senate House was 

indeed reasonable, and ought to have worried Alice, but it was 

The asymptotics of language 6



What counts as ‘too hard’ in three dialogues. ĉ i § 2

defeasible evidence against the theory that a real Austin Seven 

was on the roof.

This thesis is concerned with arguments in this spirit, 

though they are much more complicated. Two psychologists 

will help to make some of the niceties to be explored in this 

thesis clearer.

2.2 A second dialogue: two psychologists.

A little formalism is required to make the following dialogue 

intelligible. Consider the following propositions.

𝑃 Roses are red.

𝑄 Violets are blue.

𝑅 Sugar is sweet.

Now, consider the following claims.

• 𝑃 is true and 𝑄 is true.

• 𝑃 is true or 𝑅 is true.

These two claims are satisfiable. There is a way of assigning 

truth values to 𝑃, 𝑄 and 𝑅 such that both claims, taken to

gether, come out true.

Consider now another claim.

• 𝑃 is true, and if 𝑃 is true then 𝑄 is true, and if 𝑃 is true 

then 𝑄 is not true.

This claim is unsatisfiable: there is no way of assigning truth 

values to 𝑃 and 𝑄 such that the overall sentence comes out 

true. The problem is that we have to set 𝑃 to be true, and then 

we have to set 𝑄 to be true and not to be true.5

We can introduce symbols for ‘connectives’ like ‘and’, 

‘or’, ‘if…then…’ and ‘not’, namely ∧, ∨, → and ¬. We can then 

construct formulæ such as

• 𝑃 ∧ 𝑄,

• 𝑃 ∨ 𝑅 and

• 𝑃 ∧ (𝑃 → 𝑄) ∧ (𝑃 → ¬𝑄).

These are called boolean formulæ. The problem of satisfiability 

is to, given a boolean formula, decide whether it is satisfiable.

Computer scientists generally think that the problem of 

satisfiability is quite hard. (I delay a precise explanation of that 

5 I am assuming here, of course, the law of non-contradiction, pace Priest 
(‘The Logic of Paradox’).
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to § 10.5.) Let us take that as given. Suppose now two psycholo

gists are discussing human reasoning.

carol I wonder how it is that humans assess the plausibility 

of claims other people make. Here is my theory. [We call it 𝑇.] 

On hearing a series of claims, humans formalise the claim as 

boolean formulæ. Then they test them for satisfiability.

david There is a problem. It has been convincingly argued 

that the time it takes to determine whether a boolean formula 

is satisfiable increases exponentially as a function of its 

length.6 That is to say: there is some constant 𝑘, such that 

every time we add a new symbol to the boolean formula, the 

time to assess its satisfiability is multipled by 𝑘. That suggests 

that satisfiability is too hard a problem for humans to solve. So 

𝑇 is implausible.

carol But that is an absurd constraint. Even exponential func

tions often have small starting values. For example, 23 = 8. So, 

for a start, to rule out 𝑇, you need to show that the input sizes 

really are big enough to reach a tractability constraint. More

over, there are many different exponential functions. Some are 

much more forgiving than others. There are some algorithms 

that take, for instance, about 1.1𝑛 time. That is, every time we 

increase the size of the input by 1, the time taken to solve the 

problem increases by a factor of 1.1. This is much more forgiv

ing than e.g. 2𝑛. So you need to account for the base of the ex

ponent. Finally, exponential functions also can contain additive 

and multiplicative constants. Something like 1.1𝑛 + 10100 is 

much larger than 1.5𝑛 for most reasonable values of 𝑛. On the 

other hand, 1.3𝑛

10100  is much smaller than 1.1𝑛 for quite a long 

time. So even once you account for the input size, you also 

need to account for these constants, before you rule out my 

theory.

david The very purpose of asymptotic analysis is to disregard 

these constraints. Our knowledge of the precise computational 

minutiæ of the human brain is limited; unlike the case of an 

electronic computer, we didn’t design it. The problem with fo

6 This is not actually true, but for the purpose of simplifying the exposition, 
we shall ignore that nicety. Satisfiability for formulæ in 3-CNF are thought 
to have this property. There are efficient algorithms for so-called ‘disjunc
tive normal form’ as a function of their length. The problem is that DNF is 
very inefficient; that is, we can generally write a logically equivalent for
mula in CNF that is much shorter.
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What counts as ‘too hard’ in three dialogues. ĉ i § 2

cusing on the difference between constants is that results 

about them will vary from one computational device to an

other. The utility of results about, for instance, exponential 

hardness is that they do not depend on the computational 

minutiæ of the human brain. They apply to all plausible com

putational systems.7

carol I should distinguish two points. First, there is a point 

about runtimes. That is: is a process that takes e.g. 1.1𝑛 sec

onds to be treated as intractable in the same way as one that 

takes 2𝑛 seconds? The considerations you adduce are not, I 

think, responsive to this point. Second, there is a point about 

the robustness of results over different computational sys

tems. I agree that it would in principle be desirable to be able 

to theorise about the tractability of problems with no regard 

for the minutiæ of the computational systems that solve them. 

But that desirability does not mean that it turns out we can 

tenably theorise that way. That is something that must be 

demonstrated a posteriori.

david Your point is, in principle, well taken. But, in practice, 

on actually existing comptuational systems, there aren’t that 

many small bases—most are at least e.g. 1.5 or 2. Moreover, 

there are in practice hardly ever multiplicative constants that 

significantly decrease the time required (e.g. 1.1𝑛

10100 ). Therefore, 

in practice, unless the inputs are unusually and uninterestingly 

small, exponential increases in difficulty are enough to rule out 

a theory.

carol The standard you propose will often be correct. But 

that does not mean it has the dialectical effect desired. In par

ticular, it is simply not true that the inputs have to be uninter­

estingly small. As you admit, there are bases as small as 1.1 or 

1.3. By way of illustration, suppose that the human brain has 

only 1000 microseconds in which to discharge a task, and that 

the task takes 1.1𝑛 microseconds on an input of size 𝑛. That 

leaves room for inputs of up to size 𝑛 = 72. Working memory 

is (to a first approximation) bounded by about 7 ± 2 items 

(Read et al., ‘Working memory’), but each such item or ‘chunk’ 

may correspond to several symbols of the formalised claim, so 

𝑛 may plausibly fall in the tens—inside the feasible region for 

a base of 1.1, but far outside it for a base of 2. So there are in

7 See § 12.1 and § 11.
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teresting and plausible theories that can posit that we take ex

ponential time to perform certain tasks on relevantly large in

puts. The details, therefore, matter: multiplicative and additive 

constants, and the base.

My argument is, in effect, that of Carol.

2.3 A third dialogue: the burden of proof.

A final question concerns the burden of proof. Suppose that 

the conversation reaches the following point.

• David has shown that, for instance, the exponential 

base really is 2 according to Carol’s theory. Moreover, he has 

shown that in practice 𝑛 becomes quite large (e.g. 100).

• Carol has, on the other hand, significant independent 

evidence in favour of her theory: perhaps, for instance, it fits 

observed patterns of human reasoning—response times, char

acteristic errors—better than any rival explanation does.

We seem to be at an impasse. On the one hand, there is good 

reason to subscribe to Carol’s theory. On the other hand, David 

seems to show that it attributes to us something implausibly 

hard. Carol might respond thus.

carol It seems to me that your hardness results concern the 

‘worst case’ among instances of any given size. An algorithm to 

solve satisfiability might in fact only increase the time required 

exponentially on a very small fraction of inputs. Maybe in prac

tice these are the ones that arise in cases relevant to my theory 

(human reasoning). Your tractability constraint needs to apply 

to the cases of human reasoning that actually arise, not to hy

pothetically possible boolean formulæ.

david Your theory attributes to its subject the solution of the 

satisfiability problem in general. You are therefore committed 

to the solution of satisfiability in general. If you think that only 

a restricted set of formulæ arise in human reasoning, you 

should specify a new theory. That new theory should specify 

which boolean formulæ arise. If the new theory with a re

stricted set of inputs also displays exponential difficulty, then 

it can also be ruled out. But in any case that would only be a 

defence of a revised theory rather than the original.

carol It is true that I am committed to the existence of a re

stricted domain of boolean formulæ relevant to human reason

The asymptotics of language 10
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ing. However, it is enough that such a domain exists to suggest 

that a revised version of my theory is true and does not contra

dict resource limitations. That much I concede. The question, 

however, is whether I am also obliged to construct or explicitly 

state what that restricted domain is. I do not think that there 

are any a priori grounds to make such a demand generally. On 

the contrary, the question of whether it is reasonable to accept 

that a domain exists with certain properties, even though we 

cannot explicitly construct it, should be judged by standard 

naturalistic or scientific criteria. The independent evidence I 

have adduced in favour of a satisfiability account of reasoning 

should then be taken, further, as evidence of the existence of 

this domain.

Here, again, I side with Carol. It is reasonable to suggest that 

there exists a restricted domain without constructing it. More

over, I shall argue that this is a naturalistically acceptable prac

tice: it is the situation in computer science.

3 Analytic table of contents.

• Chapter ii: What rôle should resource constraints and 

considerations of feasibility and tractability play in philosophy 

and allied disciplines? I expound my preferred view here. (This 

corresponds to most of § 2.2.)

• Chapter iii: Are measures of tractability derived from 

asymptotic analysis suitable for those purposes? Not, I claim, 

as ordinarily used. (This corresponds to most of § 2.3).

• Chapter iv: My general pessimism about asymptotic 

analysis applies to an argument given from tractability for the 

compositionality of meaning.

• Chapter v: Ditto for nativist arguments for universal 

grammar from asymptotic analysis (and, perhaps surprisingly, 

some empiricst arguments seeking to respond to them.)

• Chapter vi: This is all, perhaps, a little pessimistic. Can 

asymptotic analysis play any useful rôle, in philosophy gener

ally or the study of language? Yes, I conjecture, on a conclud

ing speculative note. Asymptotic analysis can do more than 

help us to characterise when theories are tractable. We can also 

use asympototic analysis to work out tradeoffs between re

source usage and outcomes. These are potentially more empiri

cally testable and fruitful than tractability-based arguments.

The asymptotics of language 11



ii Tractability in philosophy.

The broad purpose of this thesis is to examine whether and 

how asymptotic analysis should inform the study of language. 

The purpose of asymptotic analysis is to measure the difficulty 

of problems and instances of problems. Based on this measure 

of difficulty, we can classify problems or instances thereof as 

tractable or intractable. The ultimate claim of this thesis is that 

asymptotic analysis has been misapplied in drawing the 

boundary between tractability and intractability. In particular, I 

shall distinguish

• tractability as it is studied in asymptotic analysis in 

computer science, and

• tractability as we might define it to make a dialectical 

contribution in cognitive science and philosophy,

and claim that there is a mismatch between the two that re

quires more careful handling than has been hitherto standard. 

But before I characterise the mismatch, I need to offer a view 

on the second point: what exactly is the place of tractability in 

philosophy and the study of language and cognition more gen

erally?

§ 4 I offer a few intuitive examples of how tractability 

might inform philosophy, with a few comparisons with possi

bility-based arguments.

§ 5 I characterise various ways of making tractability con

straints more precise.

§ 6 I expound the ‘tractable cognition thesis’, the most 

well-known application of tractability constraints to philoso

phy and cognitive science.

§ 7 I expound (and rebut) two arguments against a place 

for any tractability constraint whatsoever.

§ 8 I accept that some forms of ‘competence’ are not sub

ject to a tractability constraint, but others are.

4 Tractability and possibility.

‘Tractability’ is a technical term, approximately synonymous 

with ‘practicable’ or ‘feasible’. Its usage is largely restricted to 

computer and cognitive science, and mathematics. (Thus engi

neers do not usually call problems in civil engineering 

The asymptotics of language 12



Tractability and possibility. ĉ ii § 4

‘tractable’ so much as e.g. ‘feasible’.) At any rate, I shall use the 

terms synonymously.

All three terms are somewhat imprecise. We might 

worry that there is a risk of equivocation in making arguments 

using these concepts. So why theorise in terms of tractability at 

all?

The place of tractability in philosophical argument is 

analogous to that of the various species of possibility. Philoso

phers have argued, for instance, that

• p-zombies are possible, so physicalism in the philoso

phy of mind is false (Chalmers, ‘The two-dimensional argu

ment against materialism’),

• the completion of Hilbert’s programme, at least in naïve 

form, is impeded by Gödel’s incompleteness theorems (Gödel, 

‘Formally undecidable propositions’) and the concomitant im

possibility of carrying out much arithmetic in any self-verifying 

logical system (Zach, ‘Hilbert’s Program’: §§ 1.4, 4), and

• the nature of a moral dilemma is that it is impossible to 

avoid either wrongful action or wrongful inaction (McConnell, 

‘Moral Dilemmas’: § 2).

Nomological and metaphysical possibility are rather liberal. 

Tractability is less so. An intuitive example: it is logically (and 

probably nomologically) possible for me to walk to Vladivos

tok, but it is not feasible for me to do so. On the other hand, it 

is both feasible and possible for me to walk to the Cherwell. 

(We might think of tractability as possibility relative to re

source constraints.) Tractability, therefore, might allow us to 

make different arguments. A simple example: Levesque (‘Com

plexity’: § 6) asks whether classical logic is a good model of hu

man reasoning. He answers in the negative: reasoning in classi

cal logic is intractable. Moreover, in modifying classical logic to 

make it tractable, we shall also find a logical formalism that is 

more psychologically realistic.

A few more quotidian examples illustrate both the com

monsensical and scientific respectability of reasoning in terms 

of tractability. Consider the following argument.

4.1. • It’s not feasible for a human to walk more than 

ten kilometres on an empty stomach.

The asymptotics of language 13



Tractability in philosophy. ĉ ii § 5

• Socrates has been fasting the whole week, was 

seen in a field twenty kilometres away from the agora 

yesterday, but is now in the agora.

• Socrates is a human.

• Therefore, Socrates did not walk the whole way.

 4.1 is a perfectly valid and sound argument. This argument 

has a negative conclusion (that Socrates didn’t walk the whole 

way.) But we might also advance valid arguments with positive 

conclusions.

4.2. • …

• Socrates either walked or was transported in a 

horse-drawn carriage.

• Therefore, Socrates took a horse-drawn carriage.

 4.1 and  4.2 are deductive. But we can sometimes offer e.g. ab

ductive arguments.

4.3. • It is very hot.

• People who walk quickly when it is hot sweat.

• Jowett made it from the Radcliffe Camera to Ox

ford station in ten minutes.

• Jowett generally dislikes being sweaty.

• Therefore, Jowett arrived at the station by some 

means other than walking.

What all these arguments have in common is some view about 

the practical limits to walking, or, equivalently, the feasibility 

of walking at various speeds.

5 Some variants of tractability.

Tractability, like possibility, admits many precisifications. In 

this section, I more precisely characterise those precisifica

tions, to clarify others’ and my own arguments.

The working understanding of tractability employed in 

this thesis is in terms of resource constraints. Tasks use up re

sources.

• Someone walking uses energy. They also require the in

stantaneous generation of force in their muscles to accelerate.
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• A system multiplying numbers will need space to store 

the numbers themselves and to record intermediate workings.

• In solving a statistical problem, resources might include 

samples from which to make inferences.

Resource constraints then might include calorific intake, mem

ory available, and the maximum size of a sample that can prac

tically be obtained.

We will now make this more precise by stating how re

source constraints can arise.

5.1 Tractability for whom?

There are at least two places where considerations of tractabil

ity arise.

• Theorist-side tractability. Sometimes we use theories 

to generate predictions, find solutions given boundary condi

tions, and so on. Thus we use aerodynamics to predict the tra

jectories of aeroplanes and epidemiology to predict the spread 

of disease. The generation of these predictions and solutions is 

amenable to analysis in terms of tractability. For instance, the 

chaotic behaviour of the atmosphere makes generating predic

tions far into the future about the weather difficult. This is the­

orist-side difficulty because it is difficulty for the theorist. A 

theory is theorist-side tractable if prediction and solution are 

tractable for that theory relative to the resources of a theorist.

• Subject-side tractability. By the subject of a theory, I 

simply mean what the theory concerns: e.g. the weather, ani

mals, stars and so on. Sometimes, the subjects of a theory can’t 

meaningfully be said to act or do anything. Volcanoes don’t 

act; nor does the sun. Theories purely about volcanoes or stars 

therefore do not have as their subjects entities capable of ac

tion. However, sometimes the subjects of a theory can and do 

act. A theory about elephants or humans concerns beings that 

communicate, eat and walk around. A theory about agents may 

posit that those agents act in certain ways. Those actions, in 

turn, may be easy or hard, and tractable or intractable. A the

ory is subject-side tractable if the actions it attributes to its 

subjects are tractable relative to the resources available to the 

subject.
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5.2 Tractability of what?

We can attribute tractability to individual tasks or actions, such 

as my walk to the Radcliffe Camera this morning, or my walk 

to the train station yesterday. There are various features of 

these scenarios. The weather was reasonable. The roads were 

open. I am able-bodied. There were no sinkholes on the way.

• Parameters. Consider now the set of all the factors that 

might change resource usage in a token of a task (such as 

walking or sorting a list). We call these the parameters of the 

problem, 𝑃1, 𝑃2, …. Say that these parameters then can take val

ues 𝑣1 ∈ 𝑉1, 𝑣2 ∈ 𝑉2, …
• Parameter spaces. For any given problem, there is then 

a parameter space comprising all the different combinations of 

values of relevant parameters 𝑉1 × 𝑉2 × …. Parameter space 

for walking includes the weather, gradients, the length of a 

walk and features of the terrain.

• Parameter subspaces. If we fix a certain value for a 

given parameter 𝑣𝑘 ∈ 𝑉𝑘, we obtain a parameter subspace 𝑉1 ×
𝑉2 × … × {𝑣𝑘} × …. For instance, we might say that the 

weather is cloudless, windless and 20C; then there is a parame

ter subspace in which e.g. the gradient, distance and terrain 

vary, but not the weather. Since very many factors are poten

tially relevant but are not in practice worth considering, scien

tific theory usually happens in a parameter subspace.

• Regions and instance classes. Parameter spaces can be 

carved up into regions or classes by specifying constraints on 

parameters. For instance, there is a region of walks in which 

the gradient never exceeds 10%.

• Instances. When we specify all the parameters in a 

space, we have an instance of a problem ⟨𝑣1, 𝑣2, …, ⟩ ∈ 𝑉1 ×
𝑉2 × …. One example is my walk this morning. When we work 

in a restricted parameter subspace, an instance specifies only 

the parameters included in the subspace. Consider the sub

space given only by the distance of a walk. An instance is then 

simply specified by a distance.

We may attribute tractability to instances, regions/classes and 

problems. Thus:

• (an instance) walking ten kilometres on a flat surface is 

feasible;

• (a class) walking up a 200% gradient is infeasible; and
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• (a problem) walking in general is feasible.

The first claim is perfectly well-defined. However, the second 

and third are not obviously well-defined. Intuitively, it really is 

infeasible to walk up a 200% gradient. But it might be possible 

to walk such a gradient on a very short staircase. Should we re

treat only to attributions of tractability to instances?

I suggest not. We should seek to evaluate these claims 

by working out a more precise region/class to which they re

late. Suppose I am especially literal-minded, and I say ‘one can 

always walk in London’. Someone could reasonably point out 

that the intended significance of this claim is that someone of 

ordinary fitness could walk from any point in London to any 

other point. It is then easy to see why one might think this 

claim false (consider a walk from Croydon to Epping). There

fore, in the context, we establish a more precise claim about a 

precisely defined region, and then evaluate the tractability of 

the instances within it.

On this view, instances are the primary bearers of 

(in)tractability. Derivatively, as a function of context, classes 

and problems as a whole can be called tractable or intractable.

Several variants of tractability at the level of a problem 

as a whole are of interest.

• Actual tractability. Consider a theory that makes 

claims about the energy requirements of walking. One natural 

way of assessing the theory is to consider cases of walks we ac

tually make. That is, we examine the adequacy of the theory 

against e.g. my afternoon walk rather than a hypothetical walk 

from here to Vladivostok. The actual instances of a problem 

are those instances that actually arise within the scope of a 

theory. Consider a theory about the walking habits of people in 

Britain: within the scope of the theory are e.g. a don’s morning 

walk from Park Town to a central Oxford college (one can 

dream), but not a hypothetical walk I take from here to Vladi

vostok. Actual tractability is then a matter of the subject-side 

tractability of the actual instances according to a theory. For 

instance, if a theory suggests that every next step on a walk 

has double the energetic requirement of the previous one, and 

the first step requires a hundred kilocalories, it will classify all 

but the shortest walks as intractable. It will therefore fail even 

the task of actual tractability. There are actual walks of e.g. a 

The asymptotics of language 17



Tractability in philosophy. ĉ ii § 5

hundred steps. That would require approximately 100 × 2100 

kilocalories of energy, which is not a plausible energy intake.

• Observable tractability. Sometimes, we don’t observe 

all the actual cases, but only some subset of them. Say a prob

lem is observably tractable just in case the observed instances 

are tractable.

• Explicit tractability. Suppose, on the basis of observ

able tractability, I argue a problem is actually tractable. How

ever, I admit that I do not in fact know all of the actual cases 

that have arisen. Perhaps I have a dataset including all walks 

from all people with a fitness tracking app, but not all walks in 

general. With the cases of which I am aware, I can construct an 

argument that all of those are tractable. However, someone 

might ask on what grounds I claim that the dataset I have is 

representative of all the actual cases. One way to offer such an 

argument is to explicitly construct a region of parameter space 

and claim that all actual cases (not just the observed ones) are 

contained within it. If every actual instance in parameter space 

is then tractable, we say a problem is explicitly tractable.

I should point out that explicit tractability is not just a 

property of the subject of a theory but also imposes an episte

mological constraint on the theorist. I introduce explicit 

tractability because some think that the burden of proof it im

poses on the theorist is in fact a reasonable one. I shall there

fore argue that explicit tractability is in fact too strong on 

methodological grounds.

• Total tractability. An extremely restrictive demand is 

that every instance across parameter space should be tractable. 

This is very unlikely to be satisfied even by intuitively tractable 

problems such as arithmetic; there are numbers that are too 

large to add up.

Any true theory about a process that uses resources will triv

ially satisfy all actual tractability and explicit tractability. That 

is simply to assert the near-tautology that any process that is 

actually carried out with a certain level of resource usage will 

satisfy any true constraints on resource usage, in all actual and 

observed cases. Moreover, some false theories will also satisfy 

these constraints; but that is not a surprise and should not put 

us off: it would be very surprising if considerations from re

source usage and tractability alone could carve up theoretical 
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space in a way that makes immediately clear which theory is 

true. However, some false theories will fail to satisfy actual and 

explicit tractability, including, perhaps, some otherwise desir

able theories. That can arise in two ways. First, they might sug

gest we carry out some process in a way that would use too 

many resources. Second, they might suggest that we carry out 

a process that we couldn’t carry out at all.

I shall claim that a slight strengthening of actual 

tractability is appropriate in combination with asymptotic 

analysis, but that explicit tractability is too strong. This 

strengthening I call nomologically robust tractability. However, 

this requires some development of formalism from asymptotic 

analysis, so I postpone this argument to § 14.5. However, the 

remainder of the argument in this chapter does not require an 

elaboration of nomologically robust tractability, and can be 

presented in terms of the foregoing notions.

6 The tractable cognition thesis.

How, if at all, is subject-side tractability a desideratum in phi

losophy? van Rooij et al. (Cognition) offer the most systematic 

and well-known defence of a tractability constraint in philoso

phy, following earlier work by van Rooij (‘Tractable’).

The constraint is formulated in terms of the three lev

els of description of Marr (Vision: 22 ff). I first explicate the 

three levels (§ 6.1) and then the thesis (§ 6.2).

6.1 Marr’s three levels.

The three levels apply to all information-processing systems. 

We can ask a number of questions about the system. At the 

‘top level’ we may specify an input-output mapping for the sys

tem, the purpose of that mapping, and why the mapping is ap

propriate and adequate. Marr here gives the example of a cash 

register in a shop. He offers an account of the input-output 

mapping, its purpose and the adequacy of the mapping simul

taneously. The purpose of the cash register is to offer an ap

propriate sum to pay given a basket of goods purchased. We 

can then reason as follows.

• Someone who buys nothing should not need to pay 

anything.
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• Someone who buys nothing in addition to some other 

things should pay the price only of those other things.

Therefore, prices contain a ‘zero’ element as we define zero.

• Changing the order in which goods are purchased 

should not change the total one pays.

This amounts to commutativity.

• Putting items into separate piles and paying for the 

piles separately should not change the total price.

This amounts to associativity.

• Someone who buys an item and returns it for a refund 

should not pay anything.

This amounts to the existence of inverses.

This tells us that the cash register operates over an 

abelian group. The obvious one is the integers under addition; 

this then is input-output mapping appropriate to the task of 

adding prices, since addition is the operation given by the ax

ioms for zero, commutativity, associativity and inverses. More

over, addition is a well-defined input–output mapping, and so 

we have specified the mapping. Finally, we have given the pur

pose of the machine (generating total prices).

Marr calls this an ‘abstract computational theory’ of the 

device, or the computational level of description.

At a second level, we must represent these inputs and 

outputs (in this case, prices). For instance, we might represent 

these as moveable sliders on an abacus, or as transistors in an 

electronic computer. Given this representation, we must have 

an algorithm that mechanically converts the input representa

tions into the correct output representations (relative to the 

mapping at the computational level).

Finally, at the third level, there is a physical implemen

tation of the representation and the algorithm. For instance, a 

cash register might be implemented out of transistors. The vi

sual system is made up e.g. of neurons.

6.2 The tractable cognition thesis.

We begin with what I call the Marr–van Rooij tractability con­

straint (van Rooij et al., Cognition: 14).

The asymptotics of language 20



The tractable cognition thesis. ĉ ii § 6

6.1. Suppose that some theory posits, at the computational 

level, that a system effects an input–output mapping 𝑀. 

The theory therefore is committed to the existence of a 

tractable means by which to implement that mapping 

𝑀 at the second (algorithmic) level.

A tractability constraint on cognition yields the following 

tractable cognition thesis (tct) (van Rooij, ‘Tractable’: 946).

6.2. [T]he set of functions describing possible cognitive ca

pacities is a subset of the set of tractable functions.

In both theses, however, we have simply asked whether an in

put–output mapping as a whole is tractable. This raises the 

questions posed in § 5.2. Do we require that the input–output 

mapping should be observably, actually or explicitly tractable?

According to van Rooij et al. (Cognition: § 9.5), only ex­

plicit tractability is sufficient. Consider the following dialogue.
alice Everybody walks in London.

bob But walking from Epping to Croydon would be infeasi

ble! Surely someone would have to take the train.

alice What does that matter? I’ve only observed people walk

ing at most two miles. Clearly walking two miles is feasible. Why 

should I worry about walks from Epping to Croydon?

bob You should revise your theory then. You should explic

itly specify which walks you think people actually undertake in 

London. Only then is your theory that everybody walks in Lon

don reasonable.

Alice here has offered a theory that is observably tractable. Bob 

has taken no explicit view as to the actual tractability of the 

theory. Rather, he is suggesting that the burden of proof is 

with Alice. If Alice wishes to defend the subject-side tractabil

ity of her theory, she must explicitly formulate a theory with a 

restriction in parameter space that guarantees tractability on 

the instances within the restricted parameter region it con

cerns: thus, explicit tractability. That is what van Rooij et al. 

(ibid.: § 9.5) demand.8

I will later offer an argument in favour of actual over 

explicit tractability (§ 14). In terms of the dialogue above, I 

claim that the burden of proof is not wholly with Alice. How

ever, for now, I shall examine some cases where tractability 

8 It also seems that she demands total tractability, at least read literally.
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constraints have been argued to be misplaced, and assess the 

merits of these arguments.

7 In partial defence of tractability.

I now expound and rebut two arguments against any tractabil

ity constraint whatsoever. The first is derived from one way of 

reading Marr, which is of interest given the Marrian formula

tion of the tractable cognition thesis (I argue that it is both ex

egetically and theoretically wrong). The second is a defence of 

the programme of rational analysis against tractability con

straints that applies more generally..

7.1 A Marrian argument against all tractability constraints.

It is possible to read Marr in such a way that he would deny 

any tractability constraint whatsoever. Marr (Vision: 28) offers 

an argument against the criticisms of Chomsky offered by 

Winograd (‘What Does it Mean to Understand Language?’). Ac

cording to Marr, Winograd argues that Chomsky’s theory ‘can

not be made to run on a computer’. However, Marr seems to re

gard this criticism as misplaced: ‘finding algorithms by which 

Chomsky’s theory may be implemented is a completely differ

ent endeavor from formulating the theory itself’.

Whether or not Marr actually opposed tractability con

straints, the argument attributed to him fails by his own lights.

Marr (Vision: 27) argues that the understanding of per

ception ‘depends more upon the computational problems that 

have to be solved than upon the particular hardware in which 

their solutions are implemented’. It is true that Marr is clear 

that, methodologically, one ought to start with a computational 

problem. But Marr also accepts the constraint that some hard

ware must implement some solution to that problem. There

fore, if it can be demonstrated that no such solution is in the 

offing, a theory can be ruled out. Moreover, if it can be demon

strated that a problem is intractable, at least to the point 

where any such solution would be unreasonably resource-

heavy, that would, by Marr’s lights, be strong if defeasible evi

dence against the theory. Second, Marr (ibid.: 29) praises 

Chomsky and Lasnik (‘Filters and Control’) for offering a the

ory that might explain certain ‘ad hoc restrictions’ in the input–

output level of their theory about language in terms of ‘weak
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nesses in the computational power that is available for imple

menting syntactical decoding’. If it is a virtue of a computa

tional-level theory that it is consistent with ‘weaknesses in the 

computational power’ of one system, it is presumably an even 

greater virtue (if not necessity) for a computational-level theory 

to be consistent with in-principle limitations on the computa

tional power of any system. Finally, Marr (Vision: 36–7) rejects 

views of vision as a ‘completely invariant shape description 

from an image…in one step’. He reasons that such a task is ‘al

most certainly impossible’ by a geometric argument. Again, the 

implication is that there is a constraint from the second (algo

rithmic) level to the first (computational) level.

Therefore, Marr’s views are compatible with tractability 

constraints. Rather, Marr supplements the thesis. Considera

tions at the algorithmic level legitimately can rule out theories 

at the computational level. But they do not definitively rule in 

such theories either. And it is usually wise to begin at the com

putational level and proceed ‘top-down’, according to Marr 

(ibid.: 25). We should first examine ‘the nature of the problem 

being solved’, and only then ‘examine the mechanism (and the 

hardware) in which it is embodied’. But this methodological 

maxim is compatible with tractability constraints of various 

forms.

7.2 The rational analysts against tractability constraints.

A second argument can be derived from the defence Chater 

and Oaksford (‘Rational analysis’) offer of the programme of 

rational analysis.

According to the programme of rational analysis,
rationality, in an intuitive sense, appears to be at the heart of 

the explanation of human behavior, whether from the perspec

tive of social science or everyday life (ibid.: 93).

Tractability offers a challenge to this programme that Chater 

and Oaksford (ibid.: § 2.3) seek to surmount. The programme 

of rational analysis suggests agents often ‘deriv[e] the optimal 

behavior function’. But optimisation is often intractable (on at 

least one reading of ‘intractable’). It seems that this leads to a 

contradiction with cognitive systems’ limits.

We can distinguish a number of responses on behalf of 

the rational analyst.
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• The measure of tractability used is wrong.

• The measure is right, but is applied incorrectly, so that 

optimising is actually tractable.

• Optimising generally may be intractable. But it might be 

tractable in a more restricted context where the space of 

choices is much smaller. Or it might be possible at least to ap

proximate optimisation in a way that is good enough.

• Optimising can be carried out by much larger systems 

(e.g. some of the optimisation might be carried out evolutionar

ily) so is easier than thought.

• It doesn’t matter whether optimising (or approximating 

optimisation) is tractable at all.

Much of this thesis follows the first argument. (That is not out 

of sympathy, specifically, with the programme of rational 

analysis, though rational analysts could follow such a move.) 

However, Chater and Oaksford (ibid.: 110) seem to offer 

something like the last defence. If they succeed, it might seem 

that tractability constraints in philosophy have rather poor 

prospects. I shall now reject that last defence.

Chater and Oaksford (ibid.) do not explicitly distin

guish the responses above. I will not respond to the other sug

gestions, since they simply suggest a refinement of how we ap

ply tractability constraints, rather than suggesting we should 

ignore tractability altogether. However, it seems that one of the 

arguments to which they are committed amounts to the fourth 

point. I therefore propose to reconstruct that argument and re

ject it.

van Rooij et al. (‘‘As if’-explanations’) systematically 

survey and reject the other responses as variants of the claim 

that cognisers behave ‘as if’ they optimise without being sub

ject to a tractability constraint. I generally agree with their 

view, and propose only to isolate what I take to be an indepen

dent argument that requires a response.

Chater and Oaksford (‘Rational analysis’: 110) ob

serve that birds manage to fly even though aerodynamic calcu

lations may well be computationally intractable. The general 

suggestion is that an ‘optimal behavior function is an explana

tory tool, not part of the agent’s cognitive equipment’.

One reconstruction of the Chater–Oaksford argument is 

that it simply amounts to the distinction between subject- and 
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theorist-side difficulty. It is true that theorist-side intractability 

need not entail that there is any subject-side intractability. 

That is to say that, for instance, the theory of aerodynamics is 

not deficient simply because it does not allow us to tractably 

make predictions over long periods of time with the desired ac

curacy due to the effects of chaos. However, intractability re

sults for optimisation are usually subject-side rather than sim

ply theorist-side. For instance, a theory that predicts we max

imise utility both posits that the subject maximises utility (sub

ject-side) and then requires us to work out how the subject 

could maximise utility to make predictions (theory-side).

At this point, we ought to ask how subject-side optimi

sation can be explanatory if it is not ‘part of the agent’s cogni

tive equipment’. There is here a somewhat confused suggestion 

that agents (or birds) need only ‘use successful algorithms’, 

without ‘mak[ing] the calculations that would show that these 

algorithms are successful’. It is of course true that a bird need 

not know enough aerodynamics to demonstrate that they know 

how to fly to fly. But it is hard to see how an agent or bird 

could ‘use successful algorithms’ without implementing them. 

Chater and Oaksford could retreat to the penultimate defence 

(that it’s not just the bird but the evolutionary system doing 

the optimisation). That of course is a legitimate move, but it in

vites the application of a tractability constraint on the bird’s 

‘cognitive equipment’ and the evolutionary system in which 

they and their ancestors live. Unless we attribute optimisation 

to something, it is very hard to see how optimisation could be 

explanatory.

A qualification is in order. Some system’s optimality is 

explanatory even though there is no computational system 

working through search space. Such explanations have been of

fered in respect of soap bubbles and the path of light. More 

generally, there are many equilibrium or variational explana

tions in science, which appeal to optimality. The error, I think, 

in this argument is that these putative counterexamples cannot 

plausibly be characterised as computational systems. We are 

therefore entitled to restrict tractability constraints to systems 

that can be characterised as computational systems, in which 

case no counterexample arises.
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We might, admittedly, ask whether it is legitimate to 

distinguish these supposedly non-computational systems, 

which poses notorious difficulties (Piccinini, ‘Computation in 

Physical Systems’). Since I do not propose to defend a novel 

theory of when computation is physically implemented, it is 

not possible for me simply to disregard this worry. I propose 

to defend three weaker these.

• There is a distinction between bona fide computational 

physical systems and non-computational physical systems.

• Cognitive systems fall on the computational side.

• Tractability constraints apply to the bona fide computa

tional physical systems.

I shall not offer any detailed justification of the first claim.9 

Most cognitive scientists will accept at least some qualified ver

sion of the second claim (I would include, for instance, many 

dynamical systems under this rubric). At any rate, since 

Chater and Oaksford (‘Rational analysis’) offer the other de

fences (e.g. via approximation) in a computational idiom, it 

would be inconsistent for them to resort to this claim.

But what sort of tractability constraint does this sub

section defend? I think it establishes the legitimacy of an ac

tual tractability constraint. But it is not clear that it establishes 

the legitimacy of an explicit tractability constraint. Explicit 

tractability certainly is explanatorily useful. But it is not ex

planatorily essential. It is one thing to suggest that an algo

rithm plays a useful explanatory rôle if its implementation 

(even in the relatively easy cases) has nothing to do with the 

‘cognitive equipment’ of an agent—I have dismissed this sug

gestion as quite implausible. It is another to suggest that the 

cognitive equipment of the agent is able to tractably deal with 

the actual cases, although we aren’t quite sure exactly which 

cases really are actual, or which other cases the agent could 

handle. That said, this subsection does not rule out explicit 

tractability constraints either. The question will have to be set

tled later (§ 14).

9 For a recent optimistic defence of a so-called ‘robust mapping’ account of 
computation, see Anderson and Piccinini (The Physical Signature of 
Computation). For a general survey, see (Piccinini, ‘Computation in Physi
cal Systems’).
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van Rooij et al. (‘Intractability and the use of heuristics in psy

chological explanations’: 480 n 14) raises the suggestion that 

the distinction between competence and performance might 

obviate the applicability of tractability constraints. (She ulti

mately rejects the suggestion.) Prima facie, this is the view of 

Chomsky (Aspects: 3 ff), who suggests that competence is ‘un

affected by such grammatically irrelevant conditions as mem

ory limitations’. It is also, according to Frixione (‘Tractable 

Competence’: 379, 383) the received wisdom.

This, I argue, is partly right. It depends, unsurprisingly, 

on how we understand competence. Pace Frixione and to a cer

tain extent van Rooij, there is a perfectly reasonable sense in 

which theories of competence should not be subject to 

tractability constraints. But pace the received wisdom they at

tack, there are other reasonable senses of competence that 

should be subject to them.

But just what is the competence–performance distinc

tion (cpd)? There is relatively little controversy over the proper 

interpretation of performance. Chomsky (Aspects: 4) defined it 

as ‘the actual use of language in concrete situations’. But we 

can equally speak of performance as the actual use of other 

systems such as mathematical knowledge and reasoning (Frix

ione, ‘Tractable Competence’: 379–80; Dupre, ‘Competence/

performance distinction’: 246).

Competence, however, is characterised as perfect 

knowledge of language by an ‘ideal speaker-listener who is un

affected by such grammatically irrelevant conditions as mem

ory limitations, distractions, shifts of attention and interest, 

and errors (random or characteristic) in applying his knowl

edge of the language in actual performance’. That, at least, is 

what Chomsky writes, but it is perhaps a little difficult to inter

pret.

I shall distinguish four senses of ‘competence’:

• sensu Marr,

• as internally inert cause,

• as internally dynamic cause and

• as idealisation.
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In this, I partly follow Dupre (‘Competence/performance dis

tinction’), though I disregard the exegetical question of what 

Chomsky (Aspects) really meant.

8.1 Competence sensu Marr.

Some authors appear to suggest that competence is simply 

Marr’s computational level, including van Rooij et al. (‘In

tractability and the use of heuristics in psychological explana

tions’: 480 n 14), Frixione (‘Tractable Competence’: 381), and 

Marr (Vision: 28 ff). According to Dupre (‘Competence/perfor

mance distinction’: 248–9), this is exegetically wrong. The dis

tinction he draws is of interest. Competence, according to 

Dupre, stands in a relation of cause and effect to performance. 

On the other hand, Marr’s levels of description are ‘“vertical”: 

they distinguish different, more fine-grained, ways of describ

ing one and the same system’. For the reasons in § 7.1 and 

§ 7.2, I think that competence sensu Marr should indeed be 

subject to tractability constraints.

8.2 Competence as internally inert cause.

The preferred view of Dupre (ibid.: 247) is that, as above, the 

relationship between competence and performance is the same 

as the relationship between cause and effect. In more detail, 

the cpd is just the distinction between a ‘potentially explana

tory subsystem’ and ‘the downstream, observable behaviour on 

which inferences to the properties of this system are to be 

based’. But what kind of cause is competence?

Chomsky (Aspects: 4) suggests it is an ‘underlying sys

tem of rules’. Now, in general, a system of rules cannot itself 

be tractable or intractable. Tractability is, I have suggested, a 

matter of resource usage. But a system of rules is, in itself, in

ternally causally inert. The elements of a system of rules do 

not stand in causal relations to other elements. For instance, 

consider an axiomatisation of a set theory. One axiom will not 

somehow ‘cause’ another axiom. Since resource usage is a mat

ter of causal interaction, a system of rules cannot, in itself, use 

resources.

The application of rules, however, does use resources. 

It is there that it is natural to apply a tractability constraint. 

That said, relationship of a system of rules to empirical obser
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vation need not be particularly close or exhaustive. For in

stance, I know perfectly well how a Turing machine works, and 

can in some cases even work out their workings on paper by 

hand.10 Clearly there is a fact of the matter about the model of 

computation about which I am thinking if e.g. I am writing 

down the standard definition of a one-tape Turing machine. 

But there is no reason to apply a tractability constraint to the 

object of my knowledge. What there is, however, is reason to 

apply a tractability constraint to the cases where I apply the 

rules. It is probably intractable for me to apply the rules of 

Turing machines on paper in order to find the smallest 

Mersenne prime of 10000 or more digits.

It might be objected at this point that it is a misnomer 

to call abstracta like systems of rules causes. Only realised sys

tems of rules (e.g. realised biologically or physically) could 

count as causes. I think that what Dupre means (and what I 

mean) by ‘cause’ here is looser than that. To say that a system 

of rules is a cause, as I mean it, is to say simply that there are 

causes that involve the system. So my knowledge of how Tur

ing machines work is biologically instantiated, and specific as

pects thereof are bona fide causes. In this loose sense I have 

suggested internally causally inert systems of rules can be spo

ken of as causes, but that is all.

There is, however, a way of applying a tractability con

straint to a combination of a hypothesis according to which 

some agent (1) applies some system of rules 𝑆 (2) to some set 

of inputs 𝐼. Suppose we know that there is some system of 

rules 𝑆, but, for instance, that 𝑆 might be 𝑆1 or 𝑆2. Suppose, 

moreover, that there is some 𝑖 ∈ 𝐼 such that the application of 

𝑆1 to 𝑖 is intractable, but the application of 𝑆2 would not be in

tractable. And suppose, finally, that we know that 𝑆 really is 

applied to 𝑖 (without approximation or some other shortcut, 

and without failing). Then we ought to say that 𝑆 = 𝑆2. But this 

is not to say that there is anything wrong with 𝑆1 per se, or that 

somehow it fails to respect a tractability constraint. Only the 

conjoined hypothesis that 𝑆 is applied to some particular 𝑖 can 

be held to a tractability constraint. There is nothing wrong with 

𝑆1 or 𝑆2 per se, whatever one’s view of the metaphysics of ab

stract system of rules.

10 Thanks to my anonymised supervisor for pointing out this example.
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8.3 Competence as internally dynamic cause.

There are, however, other sorts of causes, to which a tractabil

ity constraint can more straightforwardly be applied; these 

causes also count as a ‘potentially explanatory unobserved 

causal subsystem[s]’. The difference is when that causal sub

system itself has internal causal dynamics and therefore can 

use resources. As a criterion: a posited subsystem is internally 

dynamic just in case the theory attributes to it a course of 

state transitions—a doing, and not merely a content; otherwise 

it is internally inert. I shall argue that so far as this form of 

competence is concerned, tractability constraints are relevant.

Here is a somewhat contrived example illustrating how 

a tractability constraint might naturally apply directly to com

petence in this scenario. Suppose the interior of the skull were 

completely unobservable: we could not insert neuroëlectrical 

probes or conduct brain scans. But suppose we were also to 

theorise that, within the skull, some sort of computational sys

tem were present, tasked with arithmetic. Supposing we could, 

in fact, justify the claim that some sort of system tasked with 

arithmetic is indeed present, we could then naturally apply any 

tractability constraint on computational systems to that arith

metic subsystem, even though we couldn’t observe it. That is 

because a subsystem actually carrying out arithmetic is capa

ble of using resources. The same applies to less contrived 

Chomskyan attributions of competence: Chomsky does not 

think we e.g. have a perfect parser given the grammar of nat

ural language that is implemented. If he were to, he would face 

tractability constraints. Instead, he faces a tractability con

straint relative to performance, since we have an imperfect 

parser of sorts that bears some systematic relationship to his 

preferred grammars.

8.4 Competence as idealisation.

Finally, one reading of competence focuses on Chomsky’s re

mark that competence is the knowledge of an ‘ideal’ speaker 

(ibid.: 3) the suggestion then is that competence is a matter of 

idealisation away from resource constraints e.g. on memory.

This raises a more general question: what is the con

nexion between idealisation and tractability constraints more 

generally?
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It is useful here to introduce a little philosophy of sci

ence. An idealised model of a system ‘deliberate[ly] simplifi[es] 

or distort[s]…something complicated with the objective of 

making it more tractable [theorist-side] or understandable’ 

(Frigg and Hartmann, ‘Models in Science’: § 1). Examples in

clude ‘[f]rictionless planes, point masses, completely isolated 

systems, omniscient and fully rational agents, and markets in 

perfect equilibrium’.

Philosophers of science generally hold that there are 

two principal sorts of idealisation (ibid.: § 1). Galilean idealisa

tions have the purpose of ensuring theorist-side tractability 

through simplification. So, for instance, it is easier to model 

classical mechanics in terms of point masses. Aristotelian ide

alisation is a matter of discarding properties that are consid

ered, for one reason or another, irrelevant. For instance, sup

pose we are building a fairly humble bridge over the Thames. It 

is reasonable to disregard relativistic effects in building the 

bridge and focus only on classical effects in deciding e.g. 

whether it is sufficiently strong.

Some cases of idealisation will not affect considerations 

of subject-side tractability. For instance, on occasion, there is 

no question of subject-side tractability in the first place. Theo

rising about God, perhaps, falls in this category. More pro

saically, so does theorising about the weather. Moreover, on oc

casion, an idealisation will have very little effect on tractability 

considerations either way. Consider again the walking example; 

at no point have we taken into account the relativistic mechan

ics of acceleration (which would appear to be an Aristotelian 

idealisation). Again, there is no reason to think that this radi

cally changes the instances of the problem of walking we clas

sify as (subject-side) tractable, or the regions of parameter 

space about which we are interested in theorising.

Suppose we have good reason to think that the doings 

of a theory’s subject really are resource-bounded. Is it then le

gitimate to offer an idealised theory of the subject that ignores 

those bounds? I suggest that it isn’t.

Let us examine Galilean and Aristotelian idealisations 

in turn. A Galilean idealisation is justified ‘pragmatically’ 

(Weisberg, ‘Idealization’: 641) it allows a theorist to avoid be

ing ‘stuck’. However, the legitimacy of the idealisation is that, 
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in principle, it ought to be possible to ‘de-idealize’. So a theory 

that is idealised in the Galilean sense comes with a promissory 

note: that the distortion can eventually be reversed. If, there

fore, the distortion is at the level of ignoring a tractability con

straint, the promissory note is that, eventually, some argument 

for tractability will be offered. Of course, no general rule as to 

when such promissory notes ought to be accepted can be 

given. In some cases, it may be that a related programme of re

search suggests demonstration of tractability is very likely; in 

other cases, we might have reason to think it is very unlikely.

Aristotelian idealisations, however, pose a somewhat 

more interesting problem. Weisberg (ibid.: 642) describing 

minimal idealisations (he uses the term synonymously with 

‘Aristotelian’), describes them as ‘contain[ing] only those fac

tors that make a difference to the occurrence and essential 

character of the phenomenon in question’.

Is it legitimate, then, to ignore tractability on Aris

totelian grounds? Not, I suggest, in a way that would change 

the dialectical situation. In some cases, tractability constraints 

don’t and shouldn’t significantly alter the trajectory we take in 

exploring theoretical space. Perhaps we are discussing theories 

of cognition that suggest we add up small numbers, and that’s 

it. There is no suggestion we do anything more complex or in

volved. Our choice between these theories, then, has little to do 

with tractability: we aren’t using tractability to rule out any of 

these theories. Everything (subject-side) in sight is very easy. So 

idealising away tractability constraints here is very much legiti

mate on Aristotelian grounds, because it does not ‘make a dif

ference to the occurrence and essential character’ of the phe

nomena under study.

In other cases, perhaps tractability constraints pose a 

serious concern for some theory 𝑇1, and point us towards 

some theory 𝑇2. In this case, the question of tractability does 

significantly alter the ‘essential character’ of the phenomenon 

in question, if 𝑇1 and 𝑇2 meaningfully differ. Therefore, idealis

ing away from tractability would not be legitimate here, pre

cisely because doing so would make a significant difference di

alectically.

The dichotomy therefore applies to any idealised 

Chomsky-inspired theory concerning speakers of a language. If 
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it is a Galilean idealisation of performance, the purpose is to 

ensure theorist-side tractability. It therefore contains the usual 

promissory note that a de-idealised account of performance 

will respect tractability constraints. (We can read Chomskyan 

accounts of performance as attempting to do just that.) As an 

Aristotelian idealisation, it is legitimate insofar as the memory 

limitations don’t change the ‘ocurrence and essential of strings 

parsed. But, in that case, those memory limitations aren’t di

alectically decisive in the way that adherents of asymptotic ar

guments would hope; they wouldn’t actually rule out large ar

eas in theoretical space.

For now, I am satisfied by the conclusion that idealisa

tion does not generally offer any reason to deprecate tractabil

ity constraints in any dialectically decisive way. I later return to 

how idealisation might in fact allow us to choose between e.g. 

actual, explicit and various related constraints, but this re

quires the development of asymptotic analysis (§ 14.5).

9 Recapitulation and conclusion.

I have offered a partial defence of tractability constraints in 

philosophical theory.

§ 5 Tractability is in the first instance a property of in

stances of a problem. However, we can also make attributions 

of tractability to classes of those instances in parameter space 

meaningful.

§ 6 It is legitimate, following van Rooij, to impose a 

tractability constraint on theories at Marr’s computational 

level.

§ 8 It is also potentially legitimate to impose tractability 

constraints on internally causally inert systems, such as sys

tems of rules, in a context where they are applied. Idealisation 

does not significantly change the picture.

We can now turn to the question of whether asymptotic analy

sis offers a suitable characterisation of tractability for these 

purposes.
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Consider the following computationalist claims about cogni

tion.

• Minimal computationalism: ‘core mental processes 

(e.g., reasoning, decision-making, and problem solving)’11 are 

computations that could be carried out on a Turing machine.

• Asymptotic computationalism: minimal computation­

alism is true, and those computations are amenable to asymp

totic analysis, e.g. it makes correct predictions.12

Both these views, I submit, are correct. A final view, however, is 

that we can asymptotically bound tractability; that is to say, we 

can, in terms of asymptotic analysis, offer an upper bound on 

what is tractable. Many of my fellow-travellers (i.e. asymptotic 

computationalists) think we can use such upper bounds to ad

vance rather radical arguments about language and cognition 

(§ 1).

I claim that (most of) my fellow asymptotic computa

tionalists are wrong, because they have applied the wrong 

tractability constraints: they demand the wrong kind of growth 

over too much of parameter space.

The dialectical purpose of this chapter is to explain 

why and how they are wrong in general. In later chapters, I 

then explain how that general story applies in specific in

stances involving language acquisition and processing. But I 

also wish to expound the formalism of asymptotic analysis 

used in these arguments in a philosophically motivated way.

§ 10 I expound the formalism of asymptotic analysis.

§ 11 I construct what I take to be the strongest argument for 

asymptotic computationalism.

§ 12 I expound the standard view relating asymptotic mea

sures of tractability to cognitive science and philosophy.

11 I have borrowed this term from Rescorla (‘The Computational Theory of 
Mind’: § 2). However, the relationship between minimal computationalism 
and the ‘computational theory of mind’ therein expounded is not straight
forward. For instance, minimal computationalism does not straightfor
wardly entail the representational theory of mind (ibid.: § 3.1).

12 It is a little hard to state properly what I mean here without actually intro
ducing asymptotic analysis, but, to a first approximation, what I mean is 
that if asymptotic analysis predicts that resource usage should grow as a 
function of the size of a problem at a certain rate, and that growth is re
flected in a physical system implementing that computation, then asymp
totic analysis applies.
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§ 13, 

§ 14

I explain why this standard view is wrong, even accept

ing asymptotic computationalism and the strongest argu

ments for it.

10 Asymptotic analysis.

10.1 A first intuitive example: sorting a list.

10.1. Example. Consider a list of two numbers, and a task: to 

sort the list in ascending order.

We will assume that, in sorting the list, only one operation is 

permitted: to compare two numbers, and, if they are in the 

wrong order, to swap them.

How many operations are needed to sort a list of two 

numbers in ascending order? One, clearly. If the list is ⟨1, 2⟩, 

we simply compare them and note they are already in the right 

order. If it is e.g. ⟨5, 2⟩, we see they are in the wrong order, and 

swap them.

10.2. Example. Now suppose the task is to sort a list of three 

numbers.

How many operations are needed? One isn’t enough, because 

we’d only consider the first two numbers. Two seems like it 

might be enough.

In particular, if the task is simply to check whether the 

list is in ascending order—and to simply indicate that it isn’t if 

the list is unsorted, but not to actually sort it—two is enough. 

We’d simply note that 1 < 2 and 2 < 3. But, recall that the task 

is to sort the list.

A fairly straightforward argument can be given, per

haps surprisingly, that two operations is not enough. Each op

eration either swaps two numbers or leaves them in place. So 

for arbitrary inputs a fixed sequence of two operations, only 

four possible rearrangements are possible. But the arrange

ments of a list ⟨𝑎, 𝑏, 𝑐⟩ required to sort it could be any of the 

following:

1. ⟨𝑎, 𝑏, 𝑐⟩,

2. ⟨𝑎, 𝑐, 𝑏⟩,
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3. ⟨𝑏, 𝑎, 𝑐⟩,

4. ⟨𝑏, 𝑐, 𝑎⟩,

5. ⟨𝑐, 𝑎, 𝑏⟩, and

6. ⟨𝑐, 𝑏, 𝑎⟩.

Therefore, if only two operations are allowed, the list will not 

in general be correctly sorted. (Three operations do suffice: 

compare-and-swap the first and second numbers, then the sec

ond and third, then the first and second again.)

10.3. Example. Now suppose the list contains 𝑛 numbers, for 

some arbitrary 𝑛. How many operations are needed, as 

a function of 𝑛?

Pessimistically, we might wonder whether we need 2𝑛 opera

tions. Optimistically, we might hope for a linear function of 𝑛.

We can pose similar questions about other problems 

with respect to their size.

10.4. Example (travelling salesman). Given 𝑛 cities and the 

distances between them, what is the shortest path by 

which the salesman may visit each of them at least 

once and return to the start?

10.5. Example (3-𝖲𝖠𝖳). Given a formula over 𝑛 propositional 

variables in conjunctive normal form each of whose 

clauses has at most three literals, is there a satisfying 

assignment?

10.2 Some types of complexity.

So far, we have discussed what is called time complexity. Intu

itively, if each operation is mechanically implemented, it 

should take some fixed time. Therefore, the time to finish a 

computation will vary with the number of operations required.

Space complexity is different; it refers to the memory 

required to solve a problem. Consider, again, the problem of 

sorting a list of 𝑛 numbers. So-called merge sort involves re

peatedly merging smaller sublists until the entire list is sorted, 

and some implementations require 𝑂(𝑛) additional space (‘for 

workings’, as it were). On the other hand, algorithms with infe

rior time complexity can operate ‘in-place’ with constant addi
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tional memory (i.e. without any more memory even if the list is 

longer).

Finally, sample complexity will interest us later in this 

thesis. In a task of learning from data, it is of interest how 

many data need to be drawn to achieve a certain performance 

guarantee. We will introduce this more formally.

10.3 What’s asymptotic about asymptotic analysis.

Asymptotic analysis gives, in a precise sense, ‘approximate’ an

swers to these questions. Sorting a list of 𝑛 numbers takes (ap

proximately) 𝑛 log 𝑛 comparisons. The travelling salesman 

problem and 3-𝖲𝖠𝖳 are thought to take exponential time (on 

any reasonable view of the operations available).13

In the following exposition, we mostly follow Cormen 

et al. (Introduction: § 2.1).

10.6. Definition (Tight bounds). Given a monotonically non-

decreasing function 𝑔 : ℝ → ℝ, we define

Θ(𝑔(𝑛)) = {𝑓(𝑛) : there exist positive constants
𝑐1, 𝑐2 and 𝑛0 such that, for all 𝑛 ⩾ 𝑛0,

0 ⩽ 𝑐1 · 𝑔(𝑛) ⩽ 𝑓(𝑛) ⩽ 𝑐2 · 𝑔(𝑛)}

10.7. Example. 2𝑛 ∈ Θ(𝑛).

Proof. For all 𝑛 ⩾ 1,

0 ⩽ 1 · 𝑛 ⩽ 2𝑛 ⩽ 2 · 𝑛 □

10.8. Example. 𝑛3 ∉ Θ(𝑛2).

Proof. Suppose otherwise. Then 𝑛3 ⩽ 𝑐2𝑛2 for all 𝑛 ⩾
𝑛0, but this is contradictory if 𝑛 > 𝑐2. □

10.9. Example (Katajainen and Träff, ‘Analysis of merge

sort’). List-sorting takes Θ(𝑛 log 𝑛) comparisons.

We will also use the following notation.

13 Strictly, this is the result of the exponential time hypothesis (which im
plies 𝑃 ≠ NP); 𝑃 ≠ NP alone yields only a superpolynomial lower bound.
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10.10. Definition (Upper bounds). Given a non-negative 𝑔 : ℝ →
ℝ,

𝑂(𝑔(𝑛)) = {𝑓(𝑛) : there exist positive constants
𝑐 and 𝑛0 such that, for all 𝑛 ⩾ 𝑛0,

0 ⩽ 𝑓(𝑛) ⩽ 𝑐 · 𝑔(𝑛)}

We have just seen how, given a certain sort of operation on a 

list of numbers, we could work out how many times that oper

ation needs to be applied to sort the list. More generally, we 

can pose questions about the resource-intensiveness of algo

rithms to solve problems (e.g. the travelling salesman problem 

or 3-𝖲𝖠𝖳) as a function of their size. In the case of sorting a 

list, we supposed that the only operation allowed was to com

pare and possibly swap two numbers. This raises the question 

of which operations should be considered to be fundamental, 

and which operations should be counted as the result of com

posing multiple operations. For instance, we could insist that 

the sorting of a list of length three is in fact a fundamental op

eration. If studying humans, that might even be a reasonable 

assumption. In principle, we could even insist that sorting an 

arbitrarily long list is a fundamental operation, in which case 

sorting a list would take constant time as a function of its 

length.

In the next subsection, I explain the model of computa

tion that is usually taken to answer these questions (the Turing 

machine model). The justification of that view is the invariance 

thesis, expounded in § 11.

10.4 The Turing machine model.

Here, first, is an informal exposition of the Turing machine 

model.

10.11. Definition (Arora and Barak, Complexity: § 1.1, infor

mal.). Suppose that 𝑓 : {0, 1}∗ → {0, 1}, that is, it takes 

as input a finite string of bits and outputs a bit.

We compute 𝑓 using the following ‘elementary’ 

operations:

1. reading a bit of the input,
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2. reading a bit from the working space allowed to 

the algorithm,

3. writing a bit to the working space depending on 

the bit read, and

4. stopping and outputting 0 or 1, or going to an

other rule to implement.

An algorithm computes 𝑓, which is to say that it speci

fies purely mechanical rules to follow to compute 𝑓(𝑥) 

for any 𝑥 ∈ {0, 1}∗; each rule is specified in terms of 

the elementary operations. These rules are fixed, but we 

can apply the same rule as many times as we like.

More formally,

10.12. Definition. a Turing machine 𝑀 = ⟨Γ, 𝑄, 𝛿⟩ where—

1. Γ is a finite alphabet of symbols to appear on 

the tapes of 𝑀, including a designated blank symbol □, 

a designated start symbol ⊳, and the numbers 0 and 1,

2. 𝑄 is a finite set of states, including a designated 

start state 𝑞start and a designated halting state 𝑞halt, and

3. 𝛿 : 𝑄 × Γ𝑘 → 𝑄 × Γ𝑘−1 × {𝘓, 𝘚, 𝘙}𝑘, where 𝑘 ⩾ 2 

is the number of tapes, is a transition function that de

scribes the rules 𝑀 uses from step to step. (The input 

tape is read-only, hence 𝑘 − 1.)

We initialise the machine in 𝑞start. The machine contains 

𝑘 ⩾ 2 tapes. The first tape contains some input. The 

other tapes are working space. In particular, on the last 

tape (eventually) is written an output. Initially the ma

chine is set to read, on the working tapes, some partic

ular cell, containing the start symbol ⊳; the remainder 

of the cells are blank. The input tape contains the in

put, followed by the blank symbol on the remainder of 

its cells. This is the start configuration of 𝑀. We then 

apply 𝛿 as follows. Suppose the machine is in state 𝑞 

and on the 𝑘 tapes the symbols 𝜎1, …, 𝜎𝑘 are read. 

Moreover, suppose 𝛿 : ⟨𝑞, 𝜎1, …, 𝜎𝑘⟩ ↦ ⟨𝑞′, 𝜎′
2, …, 𝜎′

𝑘, 𝑧⟩ 

where 𝑧 ∈ {𝘓, 𝘚, 𝘙}𝑘. Then in the next step we replace 

the symbols 𝜎2, …, 𝜎𝑘 with 𝜎′
2, …, 𝜎′

𝑘 and change state 
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to 𝑞′. The heads are moved according to 𝑧. If the ma

chine transitions into 𝑞halt then it has halted.

Suppose, whenever 𝑀 is initialised in the start 

configuration with some arbitrary input 𝑥⃗ ∈ {0, 1}∗ on 

the input tape, it halts with 𝑓(𝑥⃗) on the output tape. 

Then we say 𝑀 computes 𝑓.

Now, suppose 𝑇 : ℕ → ℕ, and given input of 

size 𝑛 the machine takes no more than 𝑇(𝑛) steps. 

Then we say that 𝑀 computes 𝑓 in 𝑇(𝑛)-time.

10.13. Example (polynomial time). We say that the runtime of a 

machine is polynomial if its runtime is 𝑓(𝑛) ∈ 𝑂(𝑛𝑘) 

for some fixed 𝑘. We say that a problem is in polyno

mial time if some Turing machine computes it in poly

nomial time.

10.5 NP.

Many problems are known to be NP-complete. It is widely con

jectured that NP-complete problems do not admit polynomial 

time algorithms. This section gives some formal details, to ex

plain why, if philosophers (or anybody else) should care 

whether there is a polynomial-time algorithm for a particular 

problem, they should therefore also care whether it is in NP.

Suppose we are given a set of boolean formulæ. One 

question we can ask is: is the set of formulæ satisfiable? But 

suppose someone insists that the set of formulæ is indeed sat

isfiable; they might, for instance, offer a satisfying assignment. 

There is then a second question: is the putative demonstration 

of satisfiability sound? (After all, the putative satisfying assign

ment might not in fact satisfy each of the formulæ.)

We write P for the class of problems where answering 

the first question takes polynomial time. Consider, for in

stance, the task of deciding whether a list is sorted, which can 

be done in linear time. We write NP for the class of problems 

where answering the second question (about the same 

proiblem) takes polynomial time. The problem of satisfiability 

of boolean formulæ lies in NP, because it is possible to check 

that a satisfying assignment indeed satisfies a set of formulæ 
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in time polynomial in the number of variables. Trivially, P ⊆
NP, but we do not know whether the inclusion is strict.

10.14. Definition (ibid.: definition 2.1). A verifier 𝑀 for a lan

guage ℒ︀ is such that, for every 𝑥⃗ ∈ {0, 1}∗, 𝑥 ∈ ℒ︀ if 

and only if there is some 𝑢 ∈ {0, 1}𝑝(|𝑥|) with 

𝑀(𝑥, 𝑢) = 1 for some polynomial 𝑝 : ℕ → ℕ. We say 

that ℒ︀ ∈ NP iff there is a polynomial-time verifier for ℒ︀.

10.15. Conjecture. P ≠ NP

We don’t have a proof either way. But there is some reason to 

think this conjecture is true.

10.16. Definition (informal). A problem is NP-hard just in case: 

if there is an algorithm to solve that problem in polyno

mial time, there is an algorithm to solve every problem 

in NP in polynomial time.

To a first approximation, the standard argument for suspecting 

that 𝑃 ≠ 𝑁𝑃 is that there are many NP-complete problems and 

we haven’t found any polynomial-time algorithms for them, 

which would be a bit suspicious if they were secretly in P 

(Aaronson, P ?= NP: 3).

Therefore, it is widely conjectured that NP-complete 

(and NP-hard) problems simply aren’t in P. We will make this 

assumption for the remainder of this thesis.

More formally,

10.17. Definition. A language ℒ︀ ⊆ {0, 1}∗ is polynomial-time 

Karp reducible to ℒ︀′ ⊆ {0, 1}∗ just in case:

• there is a polynomial-time function 𝑓 :
{0, 1}∗ → {0, 1}∗

• such that 𝑥⃗ ∈ ℒ︀ if and only if 𝑓(𝑥⃗) ∈ ℒ︀′ for all 

𝑥⃗ ∈ {0, 1}∗.

In such cases we write ℒ︀ ⩽𝑝 ℒ︀′.

ℒ︀′ is NP-hard just in case for every ℒ︀ ∈ NP ℒ︀ ⩽𝑝

ℒ︀′. It is NP-complete if it is also in NP.

The Cook–Levin theorem then underwrites the assumption that 

there are many NP-complete problems.
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10.18. Definition. The language 𝖲𝖠𝖳 is given by all satisfiable 

formulæ in conjunctive normal form.

10.19. Theorem (Cook, ‘Complexity’, Levin, ‘Универсальные 

задачи перебора’). 𝖲𝖠𝖳 is NP-hard (indeed, NP-com

plete).

By a further polynomial-time reduction, 3-𝖲𝖠𝖳 (the restriction 

of 𝖲𝖠𝖳 to formulæ in 3-cnf) is also NP-complete (Karp, ‘Re

ducibility among Combinatorial Problems’).

10.6 Parametrised complexity.

We shall have to slightly complicate the picture, following de

velopments in complexity theory. Given an instance of a prob

lem, we know its size. For instance, we know the length of a 

list. Usually, however, we know a little more about the nature 

of the instance of a problem. For instance, we might know that 

all the numbers in the list are (in a degenerate case) the same, 

in which case we have to do much less work (i.e. no work at all, 

since we don’t need to sort the list at all).

In other, less degenerate, cases, we can know some

thing useful and come up with a slightly more nuanced view of 

the complexity of a problem.

10.20. Definition. A vertex cover for a graph 𝐺 = ⟨𝑉, 𝐸⟩ is a set 

of vertices that contains least one endpoint of every 

edge 𝑒 ∈ 𝐸.

10.21. Example (vertex cover). Instance: a graph 𝐺 = ⟨𝑉, 𝐸⟩. 

Question: does 𝐺 have a vertex cover of size at most 𝑘?

The natural view of the size of the problem is |𝑉|, the number 

of vertices. And the problem is known to be NP-hard (ibid.). 

However, we have an algorithm that runs in time 𝑂(1.2738𝑘 +
𝑘𝑛) time (Chen et al., ‘Improved upper bounds for vertex 

cover’). This means that if we hold 𝑘 fixed, the algorithm runs 

in polynomial (indeed, linear) time. More generally:
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10.22. Definition (fixed-parameter tractability, Downey, ‘A Pa

rameterized Complexity Tutorial’: definition 1). A para

meterised language ℒ︀ is (strongly) fixed-parameter 

tractable iff there is a computable function 𝑓, a con

stant 𝑐, and a (deterministic) algorithm 𝑀 such that for 

all 𝑥, 𝑘,

⟨𝑥, 𝑘⟩ ∈ ℒ︀ iff 𝑀(𝑥, 𝑘) accepts
and 𝑀(𝑥, 𝑘) has running time at most 𝑓(𝑘)|𝑥|𝑐.

Many problems admit fixed-parameter tractable algorithms, 

even though they are NP-hard (ibid.).

11 Asymptotic computationalism.

The dialectical structure of my argument concerning the cor

rect view of asymptotic tractability is as follows.

• I construct what I take to be the strongest argument for 

asymptotic computationalism.

• I characterise the standard way of combining asymp

totic analysis and tractability constraints in terms of parameter 

space.

• I then explain why the argument for asymptotic compu

tationalism does not deliver that conclusion, and why it is not 

independently motivated.

In this section, I characterise what I take to be the strongest ar

gument for asymptotic computationalism.

In § 10.3, I observed that results from asymptotic analy

sis are, in the first instance, proved relative to a model of com

putation. Time complexity is defined in terms of the number of 

fundamental operations required to solve a problem. There

fore, models of computation with different fundamental opera

tions may generate different time complexity results for the 

same problem.

Many of the features of the model above seem quite ar

bitrary. For instance—

1. does it matter whether Γ contains only the required 

symbols or, e.g., |Γ| = 100?

2. why are the operations so limited? and

3. does it matter how many tapes there are?
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Moreover, there are other models of computation, such as ‘ran

dom-access machines’, in which a cell in memory can be ac

cessed immediately, without having to move the tape using 𝘓 

or 𝘙 (Cook and Reckhow, ‘Time bounded random access ma

chines’).

So, in general, we might worry that the putative run

time of an algorithm required to solve a problem varies too 

much with respect to the model of computation. Indeed, inso

far as we are simply studying models of computation out of 

abstract interest, there is no obvious reason to privilege any 

model of computation or class of computation. However, per

haps surprisingly, if we turn to the study of physically imple

mented computational systems, the models of computation in 

which are interested become constrained.

Corresponding to the abstract question of the number 

of operations required to sort a list of 𝑛 numbers is an empiri

cal question about how long a mechanical or electronic system 

implementing that algorithm will take to sort 𝑛 numbers. It is 

perfectly possible to define a model of computation in which a 

single elementary operation sorts the list in one go. There is 

nothing formally wrong with this model of computation. How

ever, it is not a suitable model of computation when modelling 

the sorting of lists on physical computing devices, because 

physical computing devices take longer to sort more numbers. 

More generally, the task in the asymptotic analysis of physical 

computational systems is to offer abstract models whose struc

tural properties follow those of the physical objects of study, 

just as in e.g. physics, chemistry and economics, in terms of 

their runtime. Let us call these models ‘physically reasonable’.14

14 I should like to address here one worry that might arise, which is that 
there is no reasonable notion of physicalism that does not collapse into 
naturalism (Stoljar, ‘Physicalism’: § 5.4). In short, I think the argument 
can then be run again in terms of naturalistically respectable systems, i.e. 
systems that we empirically observe.

Chomsky and some others have argued that there is no bovious 
way of distinguishing what is ‘physical’ on purely conceptual or a priori 
grounds. Thus e.g. the Newtonian view of gravitation is supposedly physi
cally respectable and yet did not conform to early modern notions of what 
a body should be.

I am quite sympathetic to this view, but, for simplicity, I have for
mulated the argument above in terms of physical rather than naturalistic 
reasonableness. See i.a. Chomsky (New Horizons in the Study of Language 
and Mind: 84 ff).
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The invariance thesis suggests that all physically rea

sonable models of computation agree (within a certain bound) 

with each other in their complexity-theoretic classifications of 

the difficulty of problems. In particular, they agree on which 

problems take polynomial time.

Let us fix the Turing machine above as the underlying 

model of computation. Now, consider any other physically rea

sonable model of computation. An interesting feature of poly

nomial time in the Turing régime is that it corresponds pre

cisely to polynomial time in a very large class of models of 

computation. For instance, we could change the symbols avail

able, include additional operations (such as simultaneously 

reading and writing), and add additional tapes. Each model in 

this class can simulate any machine in any member of the class 

with ‘polynomial overhead’. That is: if one machine runs in 

polynomial time, so does the other.

This class, which we will call the standard class, is 

thought to encompass all physically reasonable models of com

putation. it follows that any problem in polynomial time ac

cording to one physically reasonable model of computation is 

also in polynomial time according to any other physically rea

sonable model of computation.

11.1. Conjecture (Invariance). van Emde Boas (‘Models’: § 1) 

puts it thus.
There exists a standard class of machine models…[that] 

simulate each other with polynomially bounded over

head…

We therefore distinguish polynomial time in the standard class 

as something robust to changes in which operations are al

lowed. And, to repeat, this standard class corresponds, it is 

thought, to all ‘reasonable’ (Dean, ‘Complexity’: § 2.2) or physi

cally realisable models of computation. The evidence for this is 

in effect that no convincing counterexamples have yet been 

found; it is somewhat analogous, therefore, to the Church–Tur

ing thesis.

A considerable number of authors who apply asymp

totic analysis to human cognition do not explicitly justify the 

assumption that the invariance thesis applies to human cogni

tion and simply assume that polynomial time in the standard 
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class is of significance in the study of human cognition, espe

cially in game theory.15 However, it is likely that they are com

mitted to it, since they use polynomial time in the standard 

model as their criterion of feasibility. In particular, we need 

(even if this seems a bit pedantic) to exclude models that, for 

instance, compress the execution of any algorithm into one 

step.

One could offer a purely conceptual a priori argument 

for the application of the invariance thesis. In outline: certain 

processes are constitutive of human language: production, 

comprehension and acquisition. These are cognitive processes 

that map from inputs to outputs—e.g. from acoustic or visual 

signals to representation of linguistic information; they are 

ipso facto computations. Ristad (Game: 1) seems to offer 

something like this argument, as do Clark and Lappin (Na­

tivism: § 4.1) in the context of language acquisition. Clark and 

Lappin, for instance, argue that since the child is an ‘informa

tion processing system’, it is subject to laws governing compu

tational systems, which impose theoretical bounds on answers 

to the empirical question of how children learn language. They 

suggest that the general laws of physics (in particular, aerody

namics) analogously constrain reasonable answers to the ques

tion ‘how do birds fly?’, even though that is an empirical ques

tion.

The invitation, then, is to reject out of hand any ac

count of language or linguistic phenomena that does not con

form, putatively, to the laws of computation, whence asymp

totic analysis.

The problem is that, at least conceptually, all sorts of 

models of computation with different runtimes for important 

problems are reasonable, and none has any monopoly on the 

concept of computation. Therefore, merely qua information-

processing system, the child could have access to all sorts of 

oracles for computable but putatively intractable problems.

15 Papadimitriou and Yannakakis, ‘Complexity as bounded rationality’: 
727; Daskalakis et al., ‘The complexity of computing a Nash equilibrium’: 
90; Conitzer and Sandholm, ‘New complexity results about Nash equi
libria’: § 1; Papadimitriou, ‘The Complexity of Finding Nash Equilibria’: 
§ 2.1; Gilboa and Zemel, ‘Nash and correlated equilibria’: § 1.1. Interest
ingly, although Cherniak (Minimal rationality: § 4.4) doesn’t flag this as
sumption, he expresses some scepticism in the next step of the argument 
(§ 4.9).
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van Rooij et al. (Cognition: § 9.12) do explicitly sub

scribe to the invariance thesis, and offer a few other argu

ments. They note wide acceptance in cognitive and computer 

science of the thesis, and seem to take this to show that it is 

sufficiently obvious that no explicit argument is needed. I agree 

with a spirit of epistemic humility according to which philoso

phers should generally defer to scientists on their areas of ex

pertise. However, it is far from obvious that, for instance, van 

Emde Boas (‘Models’) had human cognition in mind, and no ev

idence is offered for this.

There is, however, something of a suggested reductio:
Practice 9.12.1 …What would be the ramifications if the Invari

ance thesis would turn out to be false? (Hint: See Chapter 4.)[sic]

Given this is a supposedly pedagogical exercise, the argument 

is meant to be obvious, although unfortunately I find it needs 

some reconstruction. As I understand it, the reductio has the 

following structure. As a background assumption: human cog

nition is physically realised, and therefore ‘reasonable’.

1. Suppose (for reductio) that the invariance thesis does 

not apply to human cognition.

2. Then there is a ‘physically reasonable’ model of compu

tation that cannot be simulated within a polynomial bound by 

members of the standard class.

3. A model of computation that is not simulable in a poly

nomial bound by members of the standard class can solve NP-

complete problems in polynomial time. (I take it this is what 

the ‘hint’ alludes to, since polynomial-time reductions are the 

topic of chapter four.)

4. Then there is a physically reasonable mechanism by 

which to solve NP-complete problems in polynomial time.

5. But this is very implausible.

The problem with this argument is in the third premiss. The 

(approximate) consensus in theoretical computer science sug

gests that the third premiss is false; there are models of com

putation that are ‘faster’ than the standard class by a super

polynomial bound but cannot efficiently compute NP-complete 

problems. One such is the class of problems that is solvable in 

polynomial time on a quantum computer (van Rooij et al., 
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Cognition: 200).16

However, I shall accept the invariance thesis on differ

ent grounds.

1. Suppose for reductio that the invariance thesis does not 

apply to human cognition.

2. Then there must be some physically plausible mecha

nism by which computational processes occur in the brain that 

are not simulable within a polynomial bound by members of 

the standard machine class.

3. There are no plausible candidate such mechanisms.

Therefore, provisionally, we should apply the invariance thesis 

to human cognition.

The most difficult premiss to justify is the third. The 

leading candidate is quantum-mechanical computation. The 

mainstream view is that quantum-mechanical dynamics are not 

relevant to the study of cognition (Litt et al., ‘Is the Brain a 

Quantum Computer?’; Tegmark, ‘Importance of quantum de

coherence in brain processes’). We will make this assumption 

in the remainder of the thesis.

We should distinguish three related but distinct theses.

1. The computations the brain undertakes are (on occa

sion) of a quantum nature.

2. Quantum-mechanical computation in the brain confers 

superpolynomial asymptotic speedup.

3. That speedup is sufficient to efficiently solve NP-com

plete problems.

The consensus in the natural sciences is roughly that even the 

first is physically implausible (ibid.). For the sake of argument, 

suppose we grant it. Even if there are quantum-mechanical 

computations of cognitive importance, it doesn’t follow that 

they are any faster (the second thesis). If they are superpolyno

mially faster, that would invalidate the application of the in

variance thesis to the brain. Is there such a superpolynomial 

speedup? Yunger Halpern and Crosson (‘Posner model’) 

raise the question explicitly but do not offer any clear sugges

tion; the physical plausibility of the underlying physical theory 

is also in question (Agarwal et al., ‘Posner molecule’). Wiest 

(‘Quantum microtubule substrate’: 4) do suggest a ‘quantum 

16 Their gloss of how a quantum computer works is a little simplistic, but 
see also Aaronson, ‘Physical reality’.
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advantage’ in the orch OR framework. However, the orch OR 

framework appears to be physically implausible (Derakhshani 

et al., ‘Crossroad’; Reimers et al., ‘Fröhlich condensation’: 4222; 

McKemmish et al., ‘Penrose–Hameroff proposal’). Now, suppos

ing that there is a superpolynomial speedup, there is some rea

son to think that that would not bridge the gap with NP-com

plete problems (Aaronson, ‘Physical reality’: §§ 3–4), although 

no definitive result has yet been shown. Our discussion of NP-

completeness would only be misplaced if all three theses were 

true.17

Invariance, I have argued, suggests that it is scientifi

cally respectable to characterise problems as either polyno

mial-time or not, based on the study of a problem on a Turing 

machine. Moreover, invariance properly applies to cognition. 

Therefore, asymptotic computationalism follows (assuming 

minimal computationalism).

Since polynomial time therefore seems to be a scientifi

cally respectable categorisation of problems, we might then 

wonder whether it is a good standard for the attribution of 

tractability to problems. I wish at this stage to make two obser

vations. First, this conclusion does not follow from asymptotic 

computationalism. Second, it does not follow from the argu

ment I have given for asymptotic computationalism. All we 

know is that we are likely to be able to correctly determine 

whether a problem takes polynomial time on cognitive hard

ware based on whether it does on a Turing machine; but it 

does not follow that there is anything interesting about polyno

mial time. Consider another (ludicrous) scenario. Suppose it 

were to turn out that all instances of a problem that take be

tween 37 and 39 minutes on one reasonable model of computa

tion were to take that same length of time on any other reason

able model of computation. That would be suggestive that the 

time between 37 and 39 minutes is of scientific interest. But it 

would not follow that taking fewer than 39 minutes is the mark 

of tractability. It could be scientifically interesting for all sorts 

of reasons, and tractability is only one of them. I now turn to 

17 But the truth of the first two theses would pose some difficulties for learn
ing theory (Arunachalam and de Wolf, A Survey of Quantum Learning 
Theory).
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the question of whether polynomial time is of interest because 

it demarcates tractability.

12 Asymptotic tractability.

12.1 The standard formulations.

Appeals to asymptotic analysis usually proceed via the so-

called Cobham–Edmonds thesis.

12.1. Conjecture (Cobham–Edmonds thesis). A function is fea

sibly computable if and only if some machine with 

polynomial runtime computes it (Cobham, ‘Difficulty’; 

Edmonds, ‘Paths’).

The Cobham–Edmonds thesis is only meaningful relative to a 

model of computation. But, if the invariance thesis is correct, 

any reasonable model of computation will yield the same class 

of feasibly computable functions.

This then allows us to formulate the following.

12.2. P-cognition thesis (van Rooij, ‘Tractable’: § 3): 

‘tractable’ in the tractable cognition thesis is given by a 

problem-level attribution of tractability, determined by 

polynomial time in the standard class.

van Rooij (ibid.: § 5), however, slightly liberalises P-cognition 

thesis to a fixed-parameter constraint.

12.3. FPT-cognition thesis (ibid.: § 5): ‘tractable’ in the 

tractable cognition thesis is given by a problem-level at

tribution of tractability, determined by fixed-parameter 

tractability in the standard class, where the fixed para

meter is in practice small.

Let me state how this constraint then works in a little more de

tail.

• A theory under examination. The object of the con

straint is to examine whether we should rule out some theory 

𝑇 concerning cognitive capacities.

• A problem. 𝑇 will suggest that we solve some problem 

𝑃. I will use the concrete example of a theory of reasoning that 
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suggests that we solve 3-𝖲𝖠𝖳 in order to evaluate the coher

ence of arguments other people make.18

• A parameter space. Given 𝑃, there is then some associ

ated parameter space of instances of the problem. In this case, 

that is the set of formulæ in 3-cnf.

• A parameter subspace. We then construct a parameter 

subspace. In the case of the P-cognition thesis, we attend only 

to the ‘size’ parameter (e.g. the number of literals or the length 

of a formula), ignoring all other structure. In the case of FPT-

cognition thesis, we attend only to size and the chosen fixed 

parameter. A simple example might be the number of clauses 

containing negated literals.19

• The worst case. Given a value for the size (and, option

ally, a value for the fixed parameter), we find the instance that 

uses up the most resources to solve with that size and fixed 

parameter. This allows us to construct the worst-case parame

ter subspace.

• Polynomial/fixed parameter constraints. We then re

quire that, as a function of size, resource usage grows no more 

than polynomially. If there is a fixed parameter, we require 

that, fixing an arbitrary value for the fixed parameter, resource 

usage grows no more than polynomially as a function of size.

There are, however, two other approaches we might take.

• The average case. Given some view about the distribu

tion of cases, we take the expected resource consumption over 

that distribution.20 We then apply the same polynomial con

straint, but, instead, to the average rather than worst case.

• The worst actual case. Instead of taking the worst case 

from all of parameter space, we take the worst actual instance, 

and then apply the same polynomial constraint.

We can decompose the approaches above into two elements.

• Choice of case. The first is a choice of case (worst, aver

age, worst actual).

18 I don’t have any specific target theory in mind here—it is just an illustra
tion; I use satisfiability for simplicity.

19 To my knowledge, this alone does not actually lead to any interesting 
parametrised complexity results. I am only offering this as a simple exam
ple of a fixed parameter.

20 See e.g. Goldreich, ‘Average Case Complexity, Revisited’
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• Choice of growth constraint. The second is a choice of 

asymptotic constraint to impose on those cases (in this case, 

polynomial).

I dispute both, in reverse order.

13 Moore’s law and the Cobham–Edmonds thesis.

In this section, I dispute the choice of a polynomial growth 

constraint in the case of humans (i.e. the application of the 

Cobham–Edmonds thesis to human cognition.)

The justification for our accepting the Cobham–Ed

monds thesis commonly found is, at its root, a crude inductive 

generalisation.22 After all, the Cobham–Edmonds thesis might 

seem to admit obvious counterexamples. For instance, an algo

rithm that takes Θ(𝑛2100) time seems obviously infeasible. Less 

obviously, there is some reason to suspect that some problems 

that likely have no polynomial-time algorithm are feasible. In 

this case, we might nevertheless hold that, most of the time, the 

Cobham–Edmonds thesis is correct, and we might justify it on 

the basis that, in fact, it is indeed most of the time correct. 

Thus: ‘it works’. And, indeed, that seems to be the case. For in

stance, there are surprisingly few ‘galactic’ algorithms, i.e. algo

rithms with polynomial asymptotic runtime that in practice are 

unusable.21 Although artificial such problems can be con

structed (Hennie and Stearns, ‘Two-Tape Simulation of Multi

tape Turing Machines’: theorem 3), it does not follow that prob

lems examined are of any interest (see also  Dean, ‘Complex

ity’: n 10). We can therefore provisionally take the Cobham–Ed

monds thesis to be a (defeasible) heuristic in the sense above.

The problem with such a crude justification is that it 

leaves someone who wishes to resist the application of the 

Cobham–Edmonds thesis to human beings in a rather difficult 

position. Either they seemingly take the anti-naturalist position 

of denying what is commonly accepted in computer science, or 

they abandon their initial position. But the situation is no more 

edifying for the proponent of the application of the Cobham–

Edmonds thesis to human beings. To simply declare that ‘it 

works’, on the basis of an inductive generalisation largely de

21 Helfgott, Isomorphismes de graphes en temps quasi-polynomial (d’après 
Babai et Luks, Weisfeiler-Leman…); Lipton and Regan, ‘David Johnson’

The asymptotics of language 52



Moore’s law and the Cobham–Edmonds thesis. ĉ iii § 13

rived from computer engineering instead of cognitive science, 

appears to run the risk of overgeneralising.

My response to this situation is as follows. First, I shall 

attempt to explain why ‘it works’—but for electronic comput

ers only. Second, I then note that the explanation doesn’t apply 

to human beings. This improves the situation in several ways. 

First, it offers a better justification of the Cobham–Edmonds 

thesis in computer engineering. Second, it then allows us to 

deny its application to human cognition, without abandoning 

minimal coimputationalism or a vulgar anti-naturalist denial of 

Cobham–Edmonds in general.

What, then, is my improvement on the justification that 

‘it works’? Suppose, for instance, that an algorithm has run

time 1.1𝑛. On relatively small input sizes, it will do better here 

than e.g. 𝑛3: 1603 ≈ 1.1160. So if 𝑛 is (e.g.) mostly less than 100 

in the cases in which we are interested, we seem to have a 

counterexample. If 𝑛 increases, however, we approach the 

point where the seeming advantages of the exponential algo

rithm no longer matter. The interesting feature of computer en­

gineering is that 𝑛 does, in fact, increase. As hardware im

proves, the range of input sizes within our ambitions expands. 

As this process continues, seeming counterexamples cease to 

be counterexamples, and fall within the scope of Cobham–Ed

monds. Similarly, polynomial runtimes that seem too large may 

come within the scope of our hardware. Thus we find that com

puters have improved by many orders of magnitude since the 

first vacuüm-tube efforts of the mid-twentieth century (Moore, 

‘Cramming’). It follows that counterexamples, say, two decades 

ago to the Cobham–Edmonds thesis may no longer be coun

terexamples now; but they may remain counterexamples vis à 

vis humans.

Although the connexion between Moore’s law and the 

Cobham–Edmonds thesis, in my view, is fairly obvious, it 

seems that it is not noted in many standard surveys.22 That 

might explain why in the literature it is an unusual position to 

be as thoroughgoingly computationalist as I am inclined to be 

22 This is true of the following: Dean, ‘Complexity’: § 2.2 and n 10; Arora 
and Barak, Complexity: § 1.6; Goldreich, ‘Average Case Complexity, Re
visited’: § 1.2.3.5; Du and Ko, Theory of computational complexity: § 1.4; Pa
padimitriou and Yannakakis, ‘Complexity as bounded rationality’: 6–7; 
Aaronson, P ?= NP: § 3..
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whilst rejecting the use of asympototic analysis in the study of 

cognition. Indeed, the only paper of which I am aware that has 

explicitly linked the two is a paper in intellectual property law 

(Chin, ‘Abstraction and equivalence’: 205–6).
[A]s the processing speed of available computers increases expo

nentially over time…it is polynomial-time algorithms, and only 

polynomial-time algorithms, that are capable of harnessing 

these improvements to solve exponentially larger problem in

stances.

This is not merely a theoretical possibility. For many years, as

ymptotically, the best known algorithm for matrix multiplica

tion (Strassen, ‘Elimination’) was considered to be superior to 

other algorithms only on inputs of such size as to be of theo

retical interest (Cormen et al., Introduction: 744). Through a 

combination of algorithmic and hardware improvements, it is 

now in common use (Huang et al., ‘Algorithm’).

The difference with humans is that Moore’s law does 

not apply to human beings. Assuming that apes bound human 

cognitive capacity from below in working memory, we can 

bound growth in working memory somewhere between 2±1 

(apes) and 7±2 for humans (Read et al., ‘Working memory’). 

Zheng and Meister (‘The unbearable slowness of being’) sug

gest that humans process information at a surprisingly low 

speed of 10 bits per second. There is also surprisingly little 

ecological variation in the information-theoretic efficiency of 

human languages (Coupé et al., ‘Different languages, similar 

encoding efficiency’).

So, even on an optimistic view of the overall growth of 

human cognitive capacities, nothing like Moore’s law applies, 

and the input sizes may remain small where in computer engi

neering they become large.

There is an independent feature of polynomial time 

that makes it an attractive class about which to theorise. Sup

pose we use one polynomial-time algorithm as part of another 

(we can call this composition). What is the runtime of the re

sulting algorithm? We don’t, of course, know specifically; but 

we do know that it is polynomial. In other words, polynomial 

time ‘is closed under the operations of explicit transformation, 

composition and limited recursion’ (Cobham, ‘Difficulty’: 25). 

Closure, like model-invariance, is suggestive that a complexity 

The asymptotics of language 54



Moore’s law and the Cobham–Edmonds thesis. ĉ iii § 13

class is of interest; but it does not straightforwardly tell us 

that it is interesting because it demarcates tractability.

At the relatively small scales to which we are limited, as 

creatures not subject to Moore’s law, then, the difference be

tween polynomial and superpolynomial resource bounds may 

not matter very much. On small inputs, even exponential 

bounds are not prohibitive. This much everybody accepts. van 

Rooij et al. (Cognition: § 9.9), for instance, say that it follows 

straightforwardly from a fixed-parameter constraint.

I am concerned here by how small is ‘small enough’ for 

the purposes of the FPT-cognition thesis. My central point is 

that ‘small enough’ as given by asympototic analysis might be 

big enough to include cognitively interesting inputs, contrary 

to the spirit (if not the letter) of e.g. this remark fron van Rooij 

et al. (ibid.: § 9.9) but they may, in fact, endorse this point 

(though they do not seem to do so explicitly).
[E]ven though inputs may seem small when considering toy do

mains in lab settings, they cannot be assumed small in the real 

world.

This, of course, has to be examined on a case-by-case basis. 

The bifurcation of runtimes into polynomial and superpolyno

mial obscures potentially cognitively meaningful differences 

between runtimes that are both (for instance) exponential. On 

these grounds, we can rule out any defence via the fptc.

13.1. Example. Suppose that one algorithm takes 2𝑛 seconds 

to run according to one model of computation, but 4𝑛 

seconds to run according to another, and that in all 

cases taking longer than a minute is ruled out. What’s 

the maximum input size given by each? log2(60) ≈ 6, 

but log4(60) ≈ 3. Therefore, the first algorithm can take 

inputs of maximum size 6, but the second 3. Now con

sider estimates of working memory. It seems that the 

difference between the former and the latter is the dif

ference between an algorithm that can plausibly run on 

nearly all items in working memory and one that can’t.

13.2. Example. The best known algorithm for 3-𝖲𝖠𝖳 has com

plexity 𝑂(1.307𝑛) (Hansen et al., ‘SAT’).
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Therefore, it is not as though inputs ‘small [enough] in prac

tice’ are so small that they are not of interest to cognitive sci

ence or philosophy of language. The asymptotic approach, 

therefore, could fail by ignoring these details.

Unfortunately for philosophers, the culture in theoreti

cal computer science tends to undervalue results about specific 

constants and bases on specific models of computation. Usu

ally, it is considered more interesting to show that a problem is 

NP-hard than to show that, for instance, on some neurologi

cally plausible model of computation, a problem takes 𝑂(1.3𝑛) 

as opposed to 𝑂(2𝑛) time. It would be foolish for philosophers 

to quarrel with theoretical computer scientists; there are per

fectly good mathematical justifications for theoretical com

puter scientists’ choice of interest. The burden instead lies 

with philosophers interested in aysymptotic arguments to pro

vide the results themselves—but, since asymptotic analysis is 

not a straightforward field of research, it would be polyannish 

to expect immediate progress in adopting that strategy.

In particular, in asymptotic analysis, results with spe

cific constants usually are the wrong sort. We can distinguish 

constructive proofs that a certain algorithm on a certain ma

chine class runs in a certain time from hardness results that 

show that no algorithm can run faster than with a certain run

time. Asymptotic arguments, insofar as they are employed to 

rule out large areas of hteoretical space, are only useful if they 

are hardness results. But hardness results are usually proved 

with respect to the standard class; few are interested in the 

specific constants that come out on e.g. one-tape Turing ma

chines or random-access machines.

14 Naturalism and cases.

Above, I offered three ways we might impose a tractability con

straint: in terms of the worst, average and worst actual case. 

Which is right?

I am now going to mount an argument against worst-

case tractability constraints as an a priori standard. The argu

ment has two premisses.

1. Any philosopher or cognitive scientist who employs as

ymptotic analysis must be committed not only to deductively 

proved results in theoretical computer science, but also stan
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dardly accepted practices and conjectures in the field. Call this 

view computational naturalism.

2. One such practice is that the worst case isn’t always the 

right case with which to think about tractability.

I shall justify these premisses in order. I then respond to sev

eral defences that could be offered of the worst case, and ex

plain why the average case is not the right replacement for it. I 

finally argue that we may be justified in slightly strengthening 

actual tractability to what I call idealised counterfactual 

tractability.

14.1 Computational naturalism.

First, why ought anybody appealing to asympototic analysis to 

accept computational naturalism? After all, philosophers man

age to make use e.g. of mathematical techniques routinely, 

without necessarily accepting the philosophical commitments 

of mathematicians. The situation in asymptotic analysis is, 

however, somewhat perplexing. Most of the field relies on un

proven but widely believed conjectures. Here is one 

practitioner’s view (Williams, ‘Some Estimated Likelihoods for 

Computational Complexity’: § 1).
Complexity theorists generally have many intuitions about what 

is ‘obviously’ true. Everywhere we look, for every new complex

ity class that turns up, there’s another conjectured lower bound 

separation, another evidently intractable problem, another ap

parent hardness with which we must learn to cope. We are sur

rounded by spectacular consequences of all these obviously true 

things, a sharp coherent world-view with a wonderfully broad 

theory of hardness and cryptography available to us, but—gosh, 

it’s so annoying!—we don’t have a clue about how we might 

prove any of these obviously true things. But we try anyway.

Moreover, there is a large body of results that, roughly, 

‘demonstrate strongly how the popular and intuitive ways that 

many theorems were proved in the past are fundamentally too 

weak to prove the lower bounds of the future’.

The consequence of this is that to make any meaningful 

progress in complexity theory, one must rely on one of these 

‘obviously true’ conjectures. The force of these conjectures is 

the same as that of a theorem: on their intended interpretation, 

there is no inexactitude and there are no exceptions whatso

ever. These conjectures are therefore different from heuristics. 
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A conjecture with a counterexample is just false, but an heuris

tic with a counterexample is not much worse off for it. More

over, most philosophical work relies on this. So it is standard 

to assume, for instance, that P ≠ NP, or the exponential time 

hypothesis (to a first approximation, that NP-hard problems 

take exponential time, not just superpolynomial time), and so 

on.

The justification for this assumption from the point of 

view of philosophy is simply naturalism about computer sci

ence. It is not, therefore, particularly extraordinary. This is the 

same spirit that animates physicalism, indispensability argu

ments for mathematical platonism, some variants of moral nat

uralism, and so on (Papineau, ‘Naturalism’: § 1).

14.2 The worst case in practice.

Given what I have called computational naturalism, what fol

lows for worst-case analysis? I now offer two examples where 

worst-case intractability has not especially moved computer 

scientists.

14.1. Example (linear programming, Korte and Vygen, Com­

binatorial Optimization: 51). Given a matrix 𝐴 ∈ ℝ𝑚×𝑛 

and column vectors 𝑏 ∈ ℝ𝑚, 𝑐 ∈ ℝ𝑛

• find a column vector 𝑥 ∈ ℝ𝑛 such that 𝐴𝑥 ⩽ 𝑏 

and 𝑐𝑇𝑥 is maximum,

• decide that {𝑥 ∈ ℝ𝑛 : 𝐴𝑥 ⩽ 𝑏} is empty, or

• decide that for all 𝛼 ∈ ℝ there is 𝑥 ∈ ℝ𝑛 such 

that 𝐴𝑥 ⩽ 𝑏 and 𝑐𝑇𝑥 > 𝛼.

In the 1980s, the state of our knowledge was as follows. The 

‘simplex’ algorithm worked well in practice but had an expo

nential worst-case runtime (Korte and Vygen, Combinatorial 

Optimization: § 3.2; Cherniak, Minimal rationality: § 4.9). Poly

nomial-time algorithms were known, but were ’too inefficient 

to be used in practice’ (Korte and Vygen, Combinatorial Opti­

mization: 73). Cherniak (Minimal rationality: § 4.9) therefore 

speculated that the best response was the empirical investiga

tion of ‘which are the interesting and difficult cases’ of a prob

lem, in order to establish whether there is ‘real-world relevant 

complexity at least as an empirical hypothesis’ in addition to 
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whether there is worst-case intractability. He had formulated 

no clear or precise hypothesis as to the restricted domain on 

which ‘real-world relevant complexity’ might arise.

Cherniak offered various hypotheses about the asymp

totic profile of the difficulty of a problem: in the worst case, 

perhaps every instance of a problem might be susceptible to 

superpolynomial blowup; in other cases, it might turn out that 

only uninteresting or somehow pathological cases are so sus

ceptible; or perhaps some interesting or quotidian cases also 

fall into that population, but there are very few.

The state of knowledge at the time did admit experi­

mental study of the behaviour of the simplex algorithm (Mc

Call, ‘Simplex performance’). On these grounds, at the time, I 

suggest, it was in fact reasonable to accept as a working hy

pothesis the last: nearly all interesting cases of linear program

ming (e.g. for use in industry or natural science) in practice 

took polynomial rather than exponential time. This can be jus

tified on the broadly naturalist grounds that that is precisely 

the hypothesis accepted by computer scientists; at least by the 

lights of van Rooij et al. (Cognition), that is a reasonable argu

ment, since they also advocate deference to computer scien

tists in their field of expertise.

It so transpires that we have the sort of restricted do

main that van Rooij et al. (ibid.) sought. In 2001, Spielman and 

Teng (‘Smoothed analysis of algorithms’) offered a rigorous 

‘smoothed’ asymptotic analysis of the simplex algorithm for 

linear programming. Although in the worst case the simplex al

gorithm takes exponential time, if the input is perturbed ran

domly to an arbitrarily small extent, the runtime is (to a first 

approximation) polynomial. So van Rooij et al. (Cognition) and 

everybody else would now accept that if, for instance, it is sug

gested that a cognitive capacity involves linear programming, 

but the inputs are randomly perturbed, the tractable cognition 

thesis would not straightforwardly rule out that account of 

cognition. The dispute concerns whether it was reasonable be

tween 1947 (when the simplex algorithm was first formulated) 

and 2001 (when smoothed analysis explained simplex’s perfor

mance) to accept the tractability on simplex on everyday in

stances of linear programming, to a certain extent on trust; I 

claim that that is so.
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An example in which no satisfactory account has yet 

been given is the practical use of 𝖲𝖠𝖳 solvers in industrial ap

plications (Marques-Silva, ‘Applications’). 𝖲𝖠𝖳 is NP-com

plete, as we saw above. Moreover, many natural subclasses of 

cases in fact must take exponential time for resolution-based 

solvers, the kind actually in use (Chvátal and Szemerédi, 

‘Many hard examples for resolution’). We do not yet have an 

equivalent to smoothed analysis to explain the industrial utility 

of 𝖲𝖠𝖳 solvers.

It is folklore in theoretical computer science about how 

superpolynomial worst-case runtime is compatible with 

tractability in practice in the case of 𝖲𝖠𝖳. The view is that there 

is some sort of underlying structure—we may not yet be able 

to precisely articulate it—to ‘real-world’ or plausible inputs 

that makes them ‘non-adversarial’ (Malik and Zhang, ‘Boolean 

satisfiability from theoretical hardness to practical success’: 

78). It is, nevertheless, reasonable to generalise that modern 

𝖲𝖠𝖳 solvers will ‘routinely solve…industrial 𝖲𝖠𝖳 instances with 

millions of variables’ even though we have no understanding of 

why the specific sets of heuristics employed by modern 𝖲𝖠𝖳 

solvers are so effective in practice’ (Vardi, ‘Boolean satisfiabil

ity’). At least, it is as reasonable as generalising e.g. that 

bridges do not fall down, the ‘Grand National [does] start and…

hotels [do not] fall into the sea’.

Here, van Rooij et al. (Cognition: § 9.9) would suggest 

that the correct response here would be to attempt to show 

that 𝖲𝖠𝖳 is fixed-parameter tractable. However, we have no 

useful results in this respect, and not for want of trying 

(Ganesh and Vardi, ‘On the Unreasonable Effectiveness of SAT 

Solvers’) moreover, if a large and natural subclass of 𝖲𝖠𝖳 were 

to be discovered, that would be industrially very useful, so 

there is no want of commercial incentives. The central problem 

is that parametrisations that would make 𝖲𝖠𝖳 instances easy 

turn out not to correspond to the easy instances we observe in 

real-world instances 𝖲𝖠𝖳—these parameters do not remain 

small in the real-world instances. The opposite approch would 

be to examine real-world instances and to try to work back

wards to a generalised parametrisation explaining why they are 

easy; but these cases do not generally easily submit to theoreti

cal study (ibid.: § 25.5).

The asymptotics of language 60



Naturalism and cases. ĉ iii § 14

I want at this stage to anticipate one possible objection. 

How much should we make of the examples given (linear pro

gramming and 𝖲𝖠𝖳)? Are they really representative of the 

field? Perhaps van Rooij could reject my argument for the sec

ond premiss on the grounds that worst-case complexity is very 

often the right measure.

I agree that worst-case complexity often is the right 

measure. My purpose here is to demonstrate that we should 

not assume that it is always the right measure, and that possi

bility should not be neglected. For this, the two examples I 

have given are sufficient. Satisfiability is a very general problem 

in terms of which other problems are often encoded. Moreover, 

when we encode other problems in SAT, we often find that the 

resulting runtime is practical and useful for industrial pur

poses. This suggests that the various other problems encoded 

also are in the same boat as SAT; some interesting but as yet 

unknown region of parameter space is tractable and does not 

contain pathologically hard instances. Hence the practicability 

of linear programming and 𝖲𝖠𝖳 is therefore suggestive of a 

more general phenomenon amongst NP-hard problems, namely 

that there may be a significant subclass of practical relevance 

that differs from the worst case. Although linear programming 

is not NP-hard, similar considerations apply (i.e. we often en

code problems in it and use the exponential-time simplex algo

rithm).

Should we accept this folklore from computer science, 

as I suggested above? Dialectically, van Rooij et al. (Cognition) 

and most others who appeal to asymptotic analysis must 

agree, because they generally rely on conjectures to show that 

the problems they claim are intractable really are intractable. 

For instance, van Rooij et al. (ibid.) need to assume that P ≠ NP 

for NP-hardness to have any significance to cognition. If we re

ject conjectures from computer science, it is not obvious why 

we should accept the underlying asymptotic machinery that 

motivates asymptotic precisifications of the tractable cognition 

thesis.

14.3 Some defences of the worst case rejected.

I should like now to assess three possible responses van Rooij 

et al. (ibid.) could offer in defence of worst-case tractability.

The asymptotics of language 61



Asymptotic tractability and computationalism. ĉ iii § 14

The first objection is as follows; it is in fact the reply 

van Rooij et al. (ibid.: § 9.5) give to what they call ‘the average-

case objection’, to which I return in § 14.4; but it equally 

amounts to a rejection of any departure from the worst-case 

framework.
One possible objection may be that the worst-case input may 

never happen in practice and that, therefore, the worst-case 

complexity measure overestimates the real complexity of the 

computational-level theory. This objection becomes self-contra

dictory, however, once we accept that the hypothesized input 

domain is part of the computational-level theory…: The cogni

tive scientist postulating a computational-level theory 𝐹 : 𝐼 → 𝑂 

is, by definition, assuming that every input 𝑖 ∈ 𝐼 can happen in 

practice.

If there were to exist any input 𝑖 ∈ 𝐼 for[sic] which the cognitive 

theorist believed it could not or does not happen in practice, 

then he or she should instead postulate a different computa

tional-level theory 𝐹′ : 𝐼′ → 𝑂, where input domain 𝐼′ ⊂ 𝐼 is re

stricted so as to exclude those inputs not assumed to occur in 

practice.

Taken literally, this objection imposes an implausibly stringent 

standard of tractability, and contradicts any prospect of mean

ingful progress with asymptotic analysis in philosophy or cog

nitive science. Suppose that a computational-level theory is 

committed to assuming that ‘every input 𝑖 ∈ 𝐼 can happen in 

practice’. Then van Rooij et al. (ibid.) are effectively demanding 

total tractability.

This is because hard resource constraints do not actu

ally grow with the size of the problem. If a human’s working 

memory is of a certain size, it does not matter whether they 

are trying to prove Fermat’s last theorem or work out what to 

cook for lunch. Their working memory does not expand simply 

because Fermat’s last theorem is more interesting or sophisti

cated. Now, given some hard resource constraint, total 

tractability would rule out any algorithm with e.g. linear or 

even logarithmic complexity. The reason is simple: for any re

source constraint (e.g. 100 hours of computation time), there is 

some input that eventually is large enough to exceed that re

source constraint, assuming the resources used grow logarith

mically or linearly. In fact, assuming there is some bound on 

resources, what this requires is constant complexity (that is 

𝑂(1)). Thus we obtain a constant-time tractability: only theories 
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that postulate constant-time input–output mappings are 

tractable. But very few algorithms run in constant time. If, ‘by 

definition’, this is what Marr’s computational level means, the 

computational level cannot tenably be combined with a 

tractability constraint. Thus, literally construed, a dilemma 

arises for van Rooij et al. (ibid.). Either the input domain 𝐼 is 

genuinely unbounded, in which case the constant-time absur

dity just rehearsed follows; or 𝐼 is bounded—as the domain of 

any human capacity presumably is—in which case asymptotic 

analysis is strictly inapplicable to it, and the P-cognition thesis 

itself must be read as an idealisation, whose legitimacy falls to 

be assessed by the criteria of § 8.4.

Now, second, we might suppose then that ‘by defini

tion’ a computational theory has a commitment to the 

tractability of the worst case. No argument is forthcoming for 

this view, but even if it is, this requirement can be circum

vented. We can translate talk of actual tractability of theories 

into talk of worst-case tractability in a systematic fashion as 

follows.

• We begin with a theory 𝑇 postulating an input–output 

mapping 𝐹 : 𝐼 → 𝑂. It is claimed that 𝑇 is actually tractable.

• This is equivalent to claiming that there exists some 𝑇′ 

that postulates some 𝐹′ : 𝐼′ → 𝐹[𝐼′] such that every actual case 

is contained in 𝐼′ and 𝐹′ is worst-case tractable.

Therefore, even if computational-level theories are somehow 

definitionally held to worst-case tractability standards, it is 

perfectly possible to express claims of actual tractability; there 

is no ‘self-contradict[ion]’, pace van Rooij et al. (ibid.).

We might raise a worry about trivialisation. There are fi

nitely many actual instances of the exercise of any given hu

man cognitive capacity, and they are bounded in size. There is 

therefore a maximum time that any finite-time algorithm 

would take on any of them. This would therefore appear to 

yield constant-time complexity. The fallacy in this line of think

ing is as follows. Actual tractability does not constrain growth, 

but rather the subject-side resource usage on given instances 

that a theory predicts. Results about growth might suggest that 

actual tractability is unlikely to be met, but are only useful in

sofar as they do so.
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This, I think, leads us to a more substantive and inter

esting question, which amounts to the distinction between ex

plicit and actual tractability. Here, it seems that van Rooij is on 

the side of explicit rather than actual tractability. We grant, 

therefore, that it is possible that a theory can be (1) true, (2) 

worst-case intractable, but (3) actually tractable. Suppose, how

ever, (4) we don’t actually have a clear view about what the ac

tual cases are, or any obvious general description of them. Is it 

then (5) rational to believe or support the theory?

One defence of worst-case tractability would then be 

that (4) makes (5) irrational. The burden of proof is on the the

orist to explicitly show tractability, rather than simply to show 

its possibility and hope for the best.

My answer to this challenge is threefold. First, I think it 

is true that the absence of a clear characterisation of the actual 

cases indeed places dialectical pressure on a theorist. That 

pressure need not, of course, be decisive. There may be clear 

pressure the other way. Perhaps 𝑇1 does very well on tractabil

ity constraints but does not integrate very well with other theo

ries, and 𝑇2 is only observably tractable and we can only guess 

whether it is actually tractable. Then this sort of dialectical 

pressure might push us to choose 𝑇2.

Second, however, I don’t think that the pressure is par

ticularly great, at least in the general case. Here, I appeal again 

to computational naturalism. (1)–(5) apply perfectly well to the 

industrial application of 𝖲𝖠𝖳 solvers. Does that mean that com

puter engineers and scientists who use 𝖲𝖠𝖳-solvers are acting 

irrationally? I don’t think so. Naturalism suggests that philoso

phers who subscribe to (1)–(5) are not, therefore, ipso facto irra

tional either.

Third, it is often the case that there are very many 

other dialectically relevant factors in theory choice. Therefore, 

computational naturalism also suggests that we should be 

fairly cautious in ruling out theories on tractability grounds, 

unless they are observably intractable theories; mere lack of 

explicit tractability will be fairly indecisive in many cases.

14.4 What about the average case?

One alternative to analysis of the worst case is analysis of the 

average case: given some distribution over the instances of a 
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problem, we require that expected resource consumption, 

rather than worst-case resource consumption, grow no more 

than polynomially with size. I am of the view that average-case 

analysis can be extensionally correct, but that it is the wrong 

standard to adopt. I offer three arguments.23

First, average-case tractability requirements could be 

extensionally wrong if they allow us to neglect important in

stances of problems that arise in practice. There are two ways 

this can happen. The first is if average-case analysis is defined 

as expected cost. If so, there could be actual cases of impor

tance that nevertheless don’t influence the average expected 

cost much. The intractability of a theory relative to those cases 

would then be ignored by the average-case analysis. The sec

ond is if we follow a ‘typical case’ approach to average-case 

analysis, by which we select some representative instances 

from problem space, and then examine asymptotic perfor

mance on those (Goldreich, Computational Complexity: 

§ 10.2.1.1). If so, we might simply select the wrong ones.

In response to this argument, the proponent of average-

case complexity could point out that if we select the correct 

distribution, the force of these countearguments is blunted. In 

particular, what makes an actual case that arises important? 

Presumably it is its frequency. But, if a case has high fre

quency, it will affect the average more, and it ought to be in

cluded as one of the representative typical cases.

In turn, the opponent of average-case complexity has 

two further responses. One is that it is not obviously good 

enough that the cases on which the theory is wrong are infre

quent. Suppose, for instance, a theory of language acquisition 

were to make incorrect predictions about a well-studied lan

guage spoken only by a community of a few thousand people. 

It would not, I submit, be any more theoretically reasonable to 

23 One might object that I appealed to some sort of average-case analysis in 
the case of the smoothed analysis of the simplex algorithm (§ 14.2). How
ever, smoothed analysis is something of an ‘hybrid of the worst-case and 
average-case analysis of algorithms’ (Spielman and Teng, ‘Smoothed 
analysis of algorithms’: 296). That is, we take the worst case from parame
ter space and only then slightly perturb it. Smoothed analysis is not, 
therefore, particularly distributionally committed. Indeed, peturbation 
naturally yields instances we might easily otherwise have observed, con
sideration of which I advocate in § 14.5.
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disregard the failure of this theory of language acquisition in 

this small community than it would vis-à-vis English.

Another is that it is not obvious what the distribution is 

in all cases. For instance, it is actually quite difficult to con

struct a model of the distribution of utterances heard by a 

child in the language-learning task (Clark and Lappin, Na­

tivism: §§ 6.3–4). Therefore, even if average-case complexity is 

correct, it is not a useful approach, because we are not in a 

good position to come up with useful constraints on the rele

vant distributions.

Finally, average-case analysis both faces formal difficul

ties and attracts somewhat less interest amongst theoretical 

computer scientists than worst-case complexity. This is not, of 

course, a watertight argument against the possibility of a philo

sophically useful programme of average-case study of NP-hard 

problems (for instance), but it is an argument against assuming 

that one exists without either (1) qua philosophers dedicating 

significant effort to it in the same way we e.g. prove novel re

sults about modal logics or (2) convincing theoretical computer 

scientists to change their interests.

14.5 Counterfactually robust tractability.

In the concluding section of this chapter, I shall defend a slight 

strengthening of actual tractability constraints. Like explicit 

tractability, this standard is epistemologically/methodologi

cally motivated, but it has significantly different implications.

Actual tractability is not always straightforward to em

pirically verify, because there are many actual but unobserved 

cases. One possibility is that we could simply use observable 

tractability as a proxy for it. Sometimes, that is fair enough: we 

might think that we have observed a fairly representative sam

ple of problem instances. But sometimes it isn’t.

I therefore propose an alternative standard: idealised 

counterfactual tractability. The procedure I propose is as fol

lows. We attempt to idealise from the observable instances of a 

problem to a broader set of counterfactually possible instances 

we might easily otherwise have observed. We then use this as a 

proxy for the actually arising cases, and so we use idealised 

counterfactual tractability as a proxy for actual tractability. 

The worlds considered under this criterion of counterfactual 
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possibility must, at least, be nomologically possible. They 

should, moreover, respect the same resource constraints that 

actual agents face.

Two points are in order. First, evidently, idealised coun

terfactual tractability might include cases that did not actually 

arise. In this sense, it is stronger.

The second is that the extent to which idealised coun

terfactual tractability is stronger than actual tractability is not 

very great. This is because of general considerations around 

the legitimacy of idealisations; here, we return to the consider

ations I indicated I would return to in § 8.4.

It’s not straightforwardly clear to me whether we 

should classify this form of idealisation as Aristotelian or 

Galilean, so I propose simply to examine the theoretical conse

quences of either view. If counterfactual idealisation is 

Galilean, as I argued, it is accountable to a de-idealisation con

straint, including with respect to tractability. That is to say: if 

we were to somehow learn of which cases actually arose, we 

should not come to a different verdict tractability-wise.

The case of Aristotelian idealisation, however, is more 

interesting. I want to sketch one reason we might think that 

idealised counterfactual tractability could legitimately go rela

tively further than actual tractability. Take the example of lan

guage acquisition. Suppose that the only actually existing lan

guage were English, but that humans were otherwise identical 

in the way they acquire language. Clearly, in this situation con

sidered as actual, it would have been counterfactually possible 

to learn Arabic or Chinese. (The actual world is a witness to 

that.) But that would not have been an actual instance in this 

hypothetical. Would it be legitimate for an idealisation to in

clude Arabic or Chinese, even if they were much harder? I sug

gest so. The scientifically relevant properties of our acquisition 

of language (or other objects of study) include not just actual 

evidence but also what would have happened in other situa

tions (Williamson, ‘Modal science’: §§ 2–7). This applies just as 

much to cognition as it does to dynamical systems in physics. 

In other words, the aim then is something like nomologically 

robust tractability, and idealised counterfactual tractability is 

then a proxy for that standard, given the state of the art in sci

ence at a given time.
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Let me now discharge the promissory note of § 5 with a 

working definition. A theory 𝑇 satisfies nomological robust 

tractability just in case, in every nomologically possible situa

tion in which the capacity 𝑇 describes operates—within some 

specified range of conditions, e.g. holding fixed human physiol

ogy and the general character of the environments in which the 

capacity is exercised—the instances that arise are solvable 

within the agent’s actual resource bounds. Idealised counter

factual tractability then corresponds to the attempts of actu

ally existing working scientists to determine nomological ro

bust tractability: given the state of science at a time, idealising 

from the observed instances is how we estimate whether 

nomologically robust tractability holds. General conisderations 

from the philosophy of idealisation can help us to avoid either 

strengthenings that lead towards total tractability or weakene

ings that lead to actual tractability.

15 Recapitulation.

I have offered two principal arguments about the application of 

asymptotic measures of tractability.

§ 13 Exponential bases, additive and multiplicative con

stants, and realistic input sizes matter in imposing subject-side 

tractability constraints, even though asymptotic analysis ig

nores or obscures them.

§ 14 Worst-case tractability is too demanding as an a priori 

default; the case studies of the following chapters argue that 

the default in fact fails in the target literature. Actual tractabil

ity may (on occasion) be too weak. Average-case tractability is 

likely too weak as well. Explicit tractability tries to be a useful 

strengthening, but is also misguided, because it contradicts the 

spirit of computational naturalism. Idealised counterfactual 

tractability, however, is just right.

Now I turn to examination of some cases where tractability-

based arguments from asymptotic analysis have been offered. I 

claim that they do not respect the foregoing principles, and, 

therefore, that they are unsuccessful.
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In this chapter, I examine whether an asymptotic argument can 

be given that meaning is compositional. The argument pur

ports to fill a lacuna in Davidson’s learnability argument for 

compositionality (§ 16). Pagin claims to fill a lacuna in the argu

ment with asymptotic analysis (§ 17). I reject the argument for 

several reasons; some have nothing to do with asymptotic 

analysis, but some do, and they offer a useful illustration of 

the points I make in § 13 and § 14.

16 Compositionality from (in principle) learnability.

To Davidson (‘Theories of Meaning and Learnable Languages’: 

8), a theory of knowledge of language must ‘specify, in a way 

that depends effectively and solely on formal considerations, 

what every sentence means’. I take it that Davidson views this 

requirement as entailing (or even equivalent to) the require

ment that the meaning of a sentence is ‘a function of a finite 

number of features of the sentence’. Otherwise, a speaker 

would fail to master the meaning of certain sentences, no mat

ter how many other sentences they learn to produce and un

derstand: the meaning of the unlearnable sentences would not 

depend on that of the sentences already mastered, no matter 

which sentences those are.

16.1. A ‘semantical primitive’ is an expression such that ‘the 

rules which give the meaning for sentences in which it 

does not appear do not suffice to determine the mean

ing of the sentences in which it does appear’ (ibid.: 9).

Davidson then suggests that a learnable language must have a 

finite number of semantical primitives. On a standard view, 

Davidson offers here an argument for the compositionality of 

meaning. Pagin (‘Compositionality, computability, and com

plexity’: 551) informally puts that requirement thus.

16.2. The meaning of a complex expression is a function of 

the meanings of its parts and a mode of composition.

In particular, this entails that the substitution of synonymous 

terms should not change the meaning of a complex term.

The asymptotics of language 69



Asymptotics and compositionality. ĉ iv § 16

There is some dispute as to whether that is actually 

what Davidson meant; in his reply to Pagin (‘Radical interpre

tation and compositional structure’), Davidson writes that he 

took compositionality ‘as a given’ and ‘built in at every stage’.24 

But the exegetical debate need not concern us.

According to Pagin, the argument is abductive. The ex­

plicandum is that a speaker ‘can step by step work out the 

meaning of new grammatical sentences’ (Pagin, ‘Composition

ality, computability, and complexity’: 551). The explicans is 

compositionality. Pagin objects to the abduction, and suggests 

further argument is required.

The problem in this abduction is that there may be 

cases where we can work out the meaning of a complex expres

sion even if the replacement of one of the constituents by a 

synonymous expression could change the meaning of a whole, 

violating compositionality. What is required is not that the se

mantics should be compositional but merely computable.

Pagin therefore attempts to motivate a further con

straint. We begin with a first principle.

16.3. Definition (COG). ‘Other things equal, the greater the 

computaional complexity of an interpretation task, the 

greater the cognitive difficulty of the interreptation’ 

(ibid.: 553).

A computability constraint therefore ignores two important 

factors. First, there are bounds (attention, memory, lifespan 

and the number of neurons, for instance) on human cognitive 

capacities. Accordingly, there are bounds on the difficulty of 

interpretation tasks humans are able to complete. These 

bounds can be exceeded by merely computable semantics. 

Thus

16.4. Definition (TRC). Any plausible semantics fo rnatural 

language is computationally tractable.

Pagin’s revised abduction therefore has the following form. 

The explicandum is our comprehension of novel sentences. The 

explicantes are restricted to tractable means by which we could 

24 Heck, ‘Does Davidson Argue for Compositionality?’: 2; Malpas, ‘Donald 
Davidson’: § 3.1; Pagin and Westerståhl, ‘Compositionality II’: § 1.1
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learn their meanings, by TRC. Pagin then attempts to demon

strate that tractability entails compositionality by the contra

positive: to a first approximation, noncompositionality entails 

intractability. (He will require a certain kind of background 

syntactic complexity for the result to go through.)

17 Compositionality from tractability.

In this section, I reconstruct Pagin’s formal framework and re

sults.

We begin with grammatical terms, given by a partial al

gebra ⟨GT𝐿, AT𝐿, Σ𝐿⟩ of grammatical terms, atomic terms, and 

finitely many partial syntactic operations (ibid.: definition 1). 

GT𝐿 is the closure of AT𝐿 under Σ𝐿. A semantic function is 

some function 𝜇 : GT𝐿 → 𝑀 into an arbitrary set of meanings.

𝜇 is standard compositional (definition 3) just in case, 

for each 𝑛-ary 𝛼 ∈ Σ𝐿, there is some meaning operation 𝑟𝛼 :
𝑀𝑛 → 𝑀 such that, whenever 𝛼(𝑡1, …, 𝑡𝑛) is defined,

𝜇(𝛼(𝑡1, …, 𝑡𝑛)) = 𝑟𝛼(𝜇(𝑡1), …, 𝜇(𝑡𝑛)).
We then slightly liberalise this. Instead of a single semantic 

function, take a finite family 𝜇1, …, 𝜇𝑗 with a designated start

ing member; a complex term may be evaluated by one member 

of the family while its parts are evaluated by others, the choice 

of evaluating function being fixed by the syntactic operation 

and the argument position (the meaning operations being cor

respondingly indexed 𝑟𝛼,𝑖). A family of this kind is general 

compositional (definitions 4–5). General compositionality sup

posedly accommodates certain putative counterexamples to 

standard compositionality, but I leave this question beyond the 

scope of the thesis. In any case, Pagin’s results concern general 

compositionality.

By contrast, a recursive meaning function need only sat

isfy

𝜇(𝛼(𝑡1, …, 𝑡𝑛)) = 𝑟𝛼(𝜇(𝑡1), …, 𝜇(𝑡𝑛), 𝒕𝟏,…,𝒕𝒏).
The bold arguments (𝑡′, …, 𝑡𝑛) show that the meaning opera

tion may depend on the syntactic structure of the constituents 

directly, instead of via their meaning. Consequently, synony

mous constituents may make different contributions to the 

meaning of an expression overall. Nevertheless, recursive 

meaning functions are still computable, by definition. There
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fore, restrictions to recursive functions do not motivate com

positionality.

We now offer a model of the cost of a computation, in 

order to derive a measure of time complexity. Pagin proposes 

to compute the meaning of a term in the object language by 

term rewriting into a canonical meaning representation in the 

metalanguage, in the form of a normal form (i.e. one to which 

no further rule applies). Davidson’s reference clauses for ‘the 

father of’ illustrate the idea (ibid.: 567): with the rules 𝜇(𝑎) →
Annette and 𝜇(𝐹(𝑣)) → 𝑭(𝜇(𝑣))—where 𝐹 is the object-lan

guage operator and 𝑭 its metalanguage analogue—we have the 

four-step derivation

𝜇(𝐹(𝐹(𝐹(𝑎)))) → 𝑭(𝜇(𝐹(𝐹(𝑎)))) → … → 𝑭(𝑭(𝑭(Annette))).
Each rule application counts as one step for the purposes of 

time complexity, and the size of a term is its number of sym

bol occurrences. The input complexity 𝐶𝑖(𝑘) of a rule system is 

then the largest number of steps needed to normalise an input 

of size 𝑘; the output complexity 𝐶𝑜(𝑘) is the corresponding 

quantity relative to the size 𝑘 of the output, the canonical 

meaning representation.

Pagin insists on measuring tractability in terms of both 

input and output complexity. The derivation of the meaning of 

an object-language expression might have a low output com

plexity simply because the normal form giving its meaning is 

inflated, or vice versa (ibid.: 565–566). Tractability then is given 

by bounding both input complexity and output complexcity ac

cordingly (ibid.: 565).

Pagin’s positive result concerns rule systems in ‘direct’ 

form, in which every rule rewrites 𝜇(𝛼(𝑣1, …, 𝑣𝑛)) in a single 

step to a metalanguage operation applied to 𝜇(𝑣1), …, 𝜇(𝑣𝑛)—

the rewrite-system image of (general) compositionality. Every 

application of such a rule contributes at least one symbol of 

the eventual output and introduces nothing that later needs to 

be eliminated, so a canonical output of size 𝑘 is reached in at 

most 𝑘 steps: complexity is linear, which within this frame

work is the minimum available; such systems are ‘maximally 

time efficient’ (ibid.: 571).

Pagin’s argument that noncompositionality entails in

tractability is by the generalisation of the following exmaple. 

Godzilla contains two atoms, 𝛼 and 𝛽. It also contains a binary 
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operation 𝛿, which is freely applicable: the grammatical terms 

are just the finite binary trees over the atoms. The metalan

guage has an atom 𝑙, unary operators 𝑚 and ℎ, and a binary 

operator 𝑂. The object-language atoms are synonymous: 

𝜇(𝛼) → 𝑙 and 𝜇(𝛽) → 𝑙. However, whether 𝑚 or ℎ appears in a 

given position in teh meaning of a complex terms depends on 

whether 𝛼 or 𝛽 occurs in the corresponding position. Since the 

atoms don’t differ in meaning, this dependence violates com

positionality (though not recursivity). Gozilla (ibid.: § 8.3.3) con

tains, inter alia, the following rules.

𝜇(𝛿(𝑢, 𝑣)) → 𝑓(𝜇(𝑢), 𝜇(𝑣), 𝑢𝑣).

𝑓(𝑥, 𝑦, 𝑢, 𝛿(𝑣1, 𝑣2)) → 𝑂(𝑓(𝑥, 𝑦, 𝑢, 𝑣1), 𝑓(𝑥, 𝑦, 𝑢, 𝑣2)).
Pagin calculates that rewriting a term with the 𝜇-argument 

𝛿(𝛿(𝛼, 𝛽), 𝛿(𝛽, 𝛼)) into a term whose 𝜇-arguments are 𝛿(𝛼, 𝛽) 

and 𝛿(𝛽, 𝛼) takes ten steps where a direct system takes one, 

and leaves four copies of each of the two embedded 𝜇-terms 

where a direct system leaves one of each. The work remaining 

is therefore multiplied at each step, and Pagin proves that the 

input complexity is factorial: in the worst case, interpreting a 

term containing 𝑘 atomic symbols takes at least (𝑘 − 1)! 
rewrite steps (proposition 7).

The generalisation of the argument is somewhat tricky 

(ibid.: § 9). Pagin himself gives an example of a noncomposi

tional semantics that is tractable. The explosion is derived 

from an operation of arity at least two that is freely embedda

ble. But even then, compositionality is not sufficient to yield 

tractability.

Assembled, the argument is this.

1. Other things equal, the greater the computational com

plexity of an interpretation task, the greater its cognitive diffi

culty ((COG)).

2. Speakers reliably work out the meanings of novel sen

tences in real time with bounded resources; so, given (COG), 

any plausible semantics for a natural language is tractable 

(TRC) and, other things equal, minimally complex ((MIN)).

3. With combinatorially unrestricted syntax, a noncompo

sitional recursive semantics has at least factorial input com

plexity, and is therefore intractable (Godzilla).

4. General compositional semantics in direct form attain 

linear—minimal—complexity, and only general compositional 
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semantics attain minimal complexity (here Pagin describes ‘di

rect’ systems).

5. Natural-language syntax permits free embedding of bi

nary operations, so the tractability of its semantics must be se

cured in a syntax-independent way.

6. Therefore general compositionality is a necessary fea

ture of the best available explanation of real-time comprehen

sion; by inference to the best explanation, natural-language se

mantics is general compositional.

The objections of the next section are indexed to this argu

ment. The first questions the construal of the interpretation 

task presupposed by the second premiss; the second questions 

whether TRC can be applied to a semantics at all; the third 

grants both and attacks the worst-case reading embodied in 

the third and fifth premisses.

18 Three arguments against Pagin.

In this section, I offer two preliminary arguments against Pagin 

that do not depend on the asymptotic machinery of Chap

ter iii, and then a third, which applies the considerations of 

§ 13 and § 14.

18.1 Modelling meaning.

Let us distinguish two tasks:

1. to establish the meaning of an expression in a manner 

fit for systematic enquiries into language of the kind carried 

out in semantic theories and linguistics; and

2. to establish the meaning of an expression in a manner 

sufficient to communicate, say what one means, understand 

others, and so on.

It may be that the two tasks are the same. But it may not be. 

The task by which Pagin is concerned is to determine the 

meaning of an expression in the object language as a canonical 

expression of the metalanguage. This may indeed be how we 

should think about meaning for the purposes of linguistics. 

But it does not follow that it is necessary for the purpose of an 

ordinary competent speaker of a language.

I should like to sketch one way in which this view 

might, in fact, be misconceived. To a first approximation, ac
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cording to conceptual rôle semantics, ‘the meaning or proposi

tional content of an expression or attitude is determined by 

the role it plays in a person’s language or in her cognition’ 

(Whiting, Conceptual Role Semantics).

That role, in particular, is given by the extent to which a 

speaker ‘is…prepared to make certain inferential transitions’, 

such as from ‘𝑥 is a male sibling’ to ‘𝑥 is a brother’.

Conceptual rôle semantics offers a fairly straightfor

ward delineation between the two tasks above. It seems to be 

sufficient to attribute knowledge of language in the second 

sense that the expressions of a language should have the ap

propriate inferential rôles. But that only requires that a 

speaker should be disposed to make the appropriate transi

tions in the right circumstances.

To be so disposed does not require that the speaker 

should know or even have an internal state reflecting all the 

possible dispositions that might arise. To demand that would 

be a little like demanding of someone who could walk any

where within ten kilometres that they should actually walk to 

all those locations. Indeed, it is quite possible that someone 

could not in fact walk to all those locations but only some sub

set of them. And it is also quite possible that a competent 

speaker could be disposed to make all the right linguistic tran

sitions, and even, when asked, articulate those transitions, but 

could not make all of them at the same time, due to their fini

tude.

It therefore is conceivable that Pagin has inappropri

ately subsumed the second task (that of a speaker’s establish

ing a meaning of an expression) under the first (that of the lin

guist or semantic theorist studying language).

18.2 Semantic competence.

Tractability constraints apply to realised cognitive systems 

with internal causal–computational dynamics. They don’t, how

ever, apply to internally causally inert static systems of rules 

(§ 8). We might think that the semantics for a fixed language 

belongs to the latter. Thus the semantics would fix meanings 

of expressions (perhaps even in some metalanguage). But it 

would not tell us how we map expressions to their meanings. 

On this view, TRC misapplies a tractability predicate: what 
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must be tractable, if anything, is the processing that deploys 

the semantics, not the semantics itself. In particular, there 

need not be any guarantee that, in general, we can map expres

sions to their meanings as we would if our performance were 

to perfectly match our competence. It might turn out that com

petence is noncompostional, and, accepting Pagin’s conditional 

argument arguendo, perfect performance would be intractable. 

However, actual performance could still be tractable because it 

is restricted only to relatively easy cases. This mirrors the 

Chomskyan distinction between unacceptable and ungrammat­

ical sentences (Chomsky, Aspects: 10–11). One response Pagin 

could offer is that the competence–performance gap is not suf

ficiently large for this response to go through. That, in effect, is 

the objection I address in the next subsection.

18.3 Which cases? How big are they?

Suppose that neither of the foregoing arguments holds, so that 

some tractability constraint does apply to a semantics via its 

use. Pagin’s argument nevertheless plausibly falls foul of the 

difficulties I outlined in § 13 and § 14.

It is useful first to examine cases where compositional

ity is allegedly violated. (If there were no live proposals for 

noncompositional theories of meaning, Pagin’s argument 

would be superfluous.) Consider propositional attitudes 

(Pickel and Szabó, ‘Compositionality’: § 4.2.5).

(1) Carla believes that biblioklepts steal.

(2) Carla believes that book thieves steal.

On one view, although ‘biblioklepts’ and ‘book thieves’ are syn

onymous, (1) and (2) may differ in truth value (and hence mean

ing).

Now, suppose we formulate some general theory of the 

semantics of propositional attitudes that is noncompositional, 

and that it satisfactorily and perhaps otherwise virtuously ex

plains natural language data; suppose, moreover, that it is re

cursively specified, and therefore Davidson’s original challenge 

to specify the meaning of propositional attitude reports as a 

‘function of a finite number of features’ of those reports is 
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met. (Note that we might in fact take 𝛿 in Pagin’s Godzilla ex

ample to combine a subject and a sentential complement, 

which would correspond to proposiotional attitude reports.) 

Pagin would reject such semantics on the grounds that it is in

tractable. How might its supporters respond?

1. A simple response might be that inputs are of bounded 

depth: nobody asserts, or needs to interpret, attitude reports 

nested fifty deep, so an explosion out along the depth axis is 

irrelevant to the actual use of language. Combined with a rela

tively forgiving superpolynomial bound (§ 13), we might think 

superpolynomial complexity is not tremendously prohibitive. 

On this response, it is no surprise that we find sentences such 

as the following difficult to understand (or even to parse):

(3) A person who, when riding a cycle, not being a motor 

vehicle, on a road or other public place, is unfit to ride 

through drink or drugs shall be guilty of an offence 

(Road Traffic Act 1972, s 19(1)).

This response, however, does not quite work. Bounds on depth 

alone do not straightforwardly correspond to patterns of diffi

culty. For instance, the following sentence is perfectly compre

hensible.

(4) Alice knows that Bob knows that Carol knows that 

David knows that Eve knows that Frank knows that 

Grace knows that Heidi knows that Ivan knows that it 

will rain tomorrow.

This is a ninth-order report, yet it is far easier than (3), whose 

embedding is only three deep. A depth bound predicts uniform 

ease below the bound and failure above it; what we find in

stead is ease at depth nine and difficulty at depth three.

2. A better response, I submit, is that the difficulty of in

stances tracks their structure, and not (only) their size (§ 14). 

(3) is hard because it is a centre-embedding: each embedded 

clause interrupts the clause containing it, so all the interrupted 

dependencies must be held open at once. (4) is easy because it 

is an edge-embedding (that is, a peripheral, left- or right-

branching, embedding): each clause can be closed off as the 

next begins.
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This, of course, is what the literature in psychology and 

linguistics predicts (Blaubergs and Braine, ‘Short-term mem

ory limitations on decoding self-embedded sentences’; Miller 

and Isard, ‘Free recall of self-embedded english sentences’; 

Foss and Cairns, ‘Some effects of memory limitation upon 

sentence comprehension and recall’; Miller and Chomsky, 

‘Finitary Models of Language Users’: § 2.1).

In short, the pair of examples exhibits a double dissoci

ation between size and difficulty: (4) is easy at embedding 

depth nine, while (3) is hard at depth three. The structure of an 

instance class can radically change the difficulty of the prob

lems to which its instances are inputs, even where the size (the 

number of embeddings, or the length of a term) does not. Thus 

the objection of § 14 arises: there is an interesting, structurally 

characterised subspace of instances that may well be tractable 

even though the worst case isn’t.

According to Pagin, noncompositionality generally leads to ex

ponential blowup when binary operations are freely embedda

ble. Cases like (4) confine complex embeddings only to one ar

gument place, and put an atom in the other, which is precisely 

the structure of another example Pagin gives of a noncomposi

tional recursive semantics that remains tractable (Pagin, ‘Com

positionality, computability, and complexity’: 581). Therefore, a 

hypothetically (worst-case) intractable semantics of proposi

tional attitude reports would appear perhaps even to be con

firmed by the relative difficulty of examples like (3) and (4).

What follows is a difficulty for Pagin’s assumption that 

tractability must be secured syntax-independently. If this is a 

constraint on what actually or counterfactually arises, TRC can 

be satisfied by noncompositional semantics, so the abduction 

fails. If it is a constraint over combinatorially unrestricted in

stance space, TRC is unmotivated, because it’s not at all estab

lished that we do in fact quickly comprehend arbitrary sen

tences (that Chomsky would call grammatical but unaccept

able), or are capable of comprehending them at all. Either way, 

the argument is unsound.

For these reasons, I submit that Pagin’s asymptotic ar

gument does not establish that meaning is compositional. 

Other considerations will have to guide us.
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Nativists, to a first approximation, argue that we have innate 

knowledge of language in the form of universal grammar. 

Some nativists appeal to asymptotic analysis. In this chapter, I 

am partly concerned to argue that they are wrong. But I also 

claim that some of the debate that has followed their argu

ments is also misdirected; the correct response to these na

tivist arguments, in effect, is given in Chapter iii, in rejecting 

the naïve application of polynomial worst-case constraints. In 

§ 19, I outline the underlying formalism and offer some a priori 

criticisms of various learning-theoretic régimes. In § 20, I ex

amine the alleged significance of learning-theoretic results, and 

state where I think the misunderstanding is.

19 Asymptotic and PAC-learnability.

In this section, we shall be concerned with certain arguments 

from learning theory—a field that makes central use of asymp

totic analysis—to justify the view that we have innate knowl

edge of language in the form of universal grammar due to 

poverty of the stimulus. I shall argue that the PAC-learning 

régime fails for the reasons suggested in § 13 and § 14.

19.1 Formalism: PAC-learnability.

We shall follow here the formalism given by Kearns and 

Valiant (‘Limitations’: § 2).

19.1. Definition (instance spaces). A domain or instance space 

is some set 𝑋 of encodings of the objects of interest in 

a learning problem.

19.2. Example. There is an instance space of human beings.

19.3. Definition (concepts). A concept is some subset of 𝑋. A 

concept class is a class of concepts.

19.4. Example. One concept might be that of tall people, given 

the instance space of people.
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In order to perform computations about concepts, we need to 

represent concepts.

19.5. Definition (representations). A representation class over 

𝑋 is a pair ⟨𝜎, 𝐶⟩ such that 𝐶 ⊆ ({0, 1} ∪ ℝ)∗ and 𝜎 :
𝐶 → 2𝑋. We shall then write that 𝜎(𝑐) for 𝑐 ∈ 𝐶 is a 

concept over 𝑋. Then the image 𝜎[𝐶] is a concept class 

represented by ⟨𝜎, 𝐶⟩.

Learning theory is about how we can algorithmically learn from 

examples drawn from an instance space. So, informally, sup

pose that we are interested in learning the meaning of ‘tall’. We 

could learn this by examining who is called ‘tall’ (and who is 

not). There are therefore ‘positive examples’ of ‘tall’ (i.e. people 

who count) and ‘negative examples’ (i.e. people who don’t).

19.6. Definition (examples). The positive examples pos(𝑐) =
𝜎(𝑐) of a concept 𝑐 ∈ 𝐶 are those that fall under the 

concept. The negative examples neg(𝑐) = 𝑋 − 𝜎(𝑐) are 

members of the instance space that do not fall under 

that concept. We will write 𝑐(𝑥) for an indicator func

tion i.e. 𝑐(𝑥) = 1 iff 𝑥 ∈ pos(𝑐) and 0 otherwise.

We will sometimes ‘parametrise’ representation classes and in

stance spaces.

19.7. Definition (parametrisation). A parametrised representa

tion class can be given from a stratified domain 𝑋 =
∪𝑛⩾1 𝑋𝑛. Then we have representation classes 

𝐶1, 𝐶2, …. 𝑛 may measure how complex concepts in 

𝜎(𝐶) are.

19.8. Example. Let 𝑋𝑛 be the set {0, 1}𝑛 and 𝐶𝑛 the class of 

Boolean formulæ over 𝑛 variables with length at most 

𝑛2. We can then take 𝜎(𝑐) to contain all models of the 

formula 𝑐.

Intuitively, the task of a learning algorithm is to offer an hy

pothesis that allows us to classify a new example drawn from 

𝑋. But if the hypothesis only inefficiently allows us to classify a 

new example, the learning algorithm is not very useful. There
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fore, we are mostly interested in polynomially evaluable repre

sentation classes.

19.9. Definition (polynomial evaluability). A representation 

class 𝐶 over 𝑋 is polynomially evaluable if for each 𝑐 ∈
𝐶 there is some polynomial-time algorithm that decides 

whether any 𝑥 ∈ 𝑋 is in pos(𝑐).

We learn from examples that are labelled either as positive or 

negative, i.e. as falling under a concept or not.

19.10. Definition (labels). A labelled example from 𝑋 is a pair 

⟨𝑥, 𝑏⟩ where 𝑥 ∈ 𝑋 and 𝑏 ∈ {0, 1}. A labelled sample 

𝑆 = ⟨𝑥1, 𝑏1⟩, …, ⟨𝑥𝑚, 𝑏𝑚⟩ is a finite sequence of labelled 

examples.

19.11. Definition (labelled examples of concepts). A labelled ex­

ample of 𝑐 ∈ 𝐶 where 𝐶 is a representation class is 

some example ⟨𝑥, 𝑐(𝑥)⟩, and a labelled sample is as 

above. A positive or negative sample contains only posi

tive or negative examples respectively.

19.12. Definition (agreement/consistency). A representation ℎ 

agrees with an example ⟨𝑥, 𝑏⟩ when ℎ(𝑥) = 𝑏. A repre

sentation ℎ is consistent with a sample if it agrees with 

every example within.

19.13. Definition (the learning régime). In the standard régime 

in computational and statistical learning theory, a 

learner is given a representation class 𝐶 and examples 

of some particular representation 𝑐 ∈ 𝐶. For instance, 

the representation class might correspond to all words 

for height in English, and the particular representation 

might be the one for ‘tall’. Let us say that ‘tall’ (or 𝑐) in 

general is the target representation.

There are two (for our purposes equivalent) for

mulations of how the samples are drawn.

• Separate distributions: The examples are drawn 

from fixed but arbitrary probability distributions. 𝐷+
𝐶  is 

a fixed but arbitrary probability distribution over 
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pos(𝑐), and 𝐷−
𝐶  over neg(𝑐). The learner has access to 

two oracles, which draw labelled samples from the pos

itive and negative distributions with constant cost. That 

is to say: drawing samples is not costless but rather has 

linear cost in the number of samples.

• Same distribution: the examples are drawn from 

a single target distribution over the whole domain.

For simplicity we shall assume that the examples are 

drawn from the same distribution, and therefore 

amend the following exposition slightly: the learner has 

access to a single oracle drawing labelled examples of 

the target representation from one distribution 𝐷 over 

𝑋, rather than separate positive and negative oracles, 

and error is measured relative to that single distribu

tion.

19.14. Definition (error). We can now measure the error of an 

hypothesis represented by some ℎ relative to the distri

bution as err(ℎ; 𝑐, 𝐷) = ℙ𝑥∼𝐷[ℎ(𝑥) ≠ 𝑐(𝑥)].
When err(ℎ; 𝑐, 𝐷) ⩽ 𝜀, ℎ is 𝜀-good; otherwise, it 

is 𝜀-bad.

We can now define learnability.

19.15. Definition (learnability from examples). Suppose that 𝐶 

and 𝐻 are representation classes over 𝑋. Let 𝜀 be some 

arbitrarily small error rate (the accuracy parameter), 

and let 𝛿 be some arbitrarily small probability of failure 

to formulate a hypothesis that has an error of at most 𝜀 

(the confidence parameter). (Thus, ‘probably (1 − 𝛿) ap

proximately correct (1 − 𝜀)’.)

We say that 𝐶 is learnable by 𝐻 iff there is a 

probabilistic algorithm 𝐴 such that,

• with access to an oracle giving labelled exam

ples according to 𝐷,

• input 𝜀 and 𝛿,

• for any target representation 𝑐 ∈ 𝐶 and distrib

ution 𝐷 over 𝑋,
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𝐴 halts and outputs a representation ℎ𝐴 ∈ 𝐻 that with 

probability at least 1 − 𝛿 satisfies err(ℎ; 𝑐, 𝐷) ⩽ 𝜀.

𝐶 is polynomially learnable if it is learnable by 

some polynomially evaluable 𝐻.

𝐶 is efficiently polynomially learnable if 𝐴 has 

running time polynomial in 𝑛, size(𝑐), 1
𝜀  and 1

𝛿 .

By asymptotic learning theory, I simply mean the study of the 

asymptotic growth of sample, time or space complexity with 

respect to any or all of the parameters above. We might, for in

stance, impose an imposition on the distribution, or similar; I 

still count that as asymptotic.25

19.2 Justifying PAC-learnability.

What justifies the PAC-learning régime as a model of the task 

of human language acquisition? Obviously, it is not the realism 

of its assumptions. For instance, although it is true that the 

vast majority of human beings succeed in acquiring their first 

language in a relatively short period of time as children, this 

does not mean that we are justified in setting the confidence 

parameter 𝛿 to be arbitrarily small. Similarly, although we 

clearly converge on grammars that allow us to have relatively 

satisfactory performance with respect to an idealised language 

of the community (at least sufficiently to communicate), the ac

curacy parameter is clearly not arbitrarily small; we can easily 

bound it by taking the number of mistakes produced by the 

most successfully grammatically pedantic person ever to speak 

a language and dividing the number of mistakes by the number 

of sentences uttered by them.

Let us now examine a few elements of the PAC-learn

ability régime and their justification.

1. Polynomial runtime. The learning task must be com

pleted in polynomial time. I have little more to say at this 

point, and simply refer to Chapter iii (in particular § 13 and 

§ 14). Standard textbooks on learning theory largely follow the 

rest of the literature in their justification of a polynomial con

straint (Valiant, Probably approximately correct: § 3.4; Clark 

25 I shall ignore identification in the limit (Gold, ‘Identification’). It requires 
separate treatment.
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and Lappin, Nativism: § 7.1) or leave it implicit (Kearns and 

Vazirani, An Introduction to Computational Learning Theory).

2. Polynomial sample complexity. The learning task 

must also be completed (with respect to the success and error 

parameters) with polynomial sample complexity. One way of 

intuitively motivating this is that to draw a sample is not cost

less, in that it takes a certain period of time and/or quantum 

of computational effort. I don’t object to this argument, but the 

same arguments about polynomial runtime also apply to sam

ple complexity.

3. Distribution freedom. The PAC régime is distribution-

free; that is to say, it requires learning over an arbitrary distrib

ution. This incurs precisely the same problem as worst-case 

analysis: sometimes, all ‘reasonable’ distributions admit 

tractable learning, and there are pathologically bad distribu

tions that do not arise in practice. Thus we have results where 

distribution-free learning is intractable but not e.g. learning 

over a uniform distribution (Mansour, ‘An O(nlog log n) learn

ing algorithm for DNF under the uniform distribution’).

A more promising method is to attempt to construct an 

idealised but realistic distribution and assess learnability rela

tive to that (Clark and Lappin, Nativism: § 6.1 ff).

What justification for distribution-freedom has been of

fered? Valiant (Probably approximately correct: 76) offers only 

a promissory note: ‘[t]he bounds obtained for worst-case distri

butions often provide useful guidance on how many useful ex

amples to use in practice’.

de Wolf (‘Applications’: § 2.4.4) offers a somewhat dif

ferent argument: it may be that distribution-free learning is in

tractable but a fixed and realistic distribution will not yield in

tractability; but, if so, that vindicates nativism: ‘a child must 

have a certain bias which directs the way it acquires language’. 

If this is a form of nativism, it is really a very weak form of na

tivism. The fixing of the distribution is a property of the envi

ronment rather than the child, and most empiricists are gener

ally happy to concede that the environment might only be 

fruitfully modelled by a limited family of distributions. More

over, it is not inductive bias as ordinarily meant—it says noth

ing about the hypotheses the child privileges.

The asymptotics of language 84



Asymptotic and PAC-learnability. ĉ v § 19

4. Arbitrarily small error and success parameters. Many 

authors who cite results in the PAC-learning régime simply ig

nore any questions either about the realism of its assumptions 

or the implications of the obvious lack of realism of its as

sumptions, including Kodner et al. (Linguistics will thrive), 

Yang (‘The Great Number Crunch’) and Nowak et al. (‘As

pects’). One author who does attempt to explicitly justify this 

view is de Wolf (‘Applications’: § 2.4.4). He notes that it seems 

a little odd to assume that 𝜀 and 𝛿 can be arbitrarily small, but 

insists the PAC régime is ‘right in spirit’, because, plausibly, 

given more time or data, a learner will have a better chance of 

formulating a hypothesis with fewer errors.

The problem with this argument is that it is an argu

ment for monotonicity rather than efficient learnability. That is 

to say: additional samples may always improve (e.g.) accuracy, 

but that does not mean that they improve accuracy enough to 

ensure that accuracy can be improved with only polynomial ad

ditional cost. Indeed, the claim that additional data always im

prove accuracy is compatible with the claim that it is not possi

ble at some point to eliminate some residual nonzero error: 

suppose for instance that after 𝑛 data the best we can do is to 

have 𝜀 = 0.01 + 2−𝑛—this is monotonic, but not arbitrarily 

small. In addition, it faces some of the standard objections 

above: 𝜀 and 𝛿 may be boundedly small, and exponential diffi

culties may arise only later.

The near-universal success of first-language acquisition 

may make it plausible that 𝛿 should at least be small. But, as 

noted at the opening of this section, it is a further step—and 

an unjustified one—to require that 𝛿 be arbitrarily small at 

merely polynomial cost. And it is even less obvious that 𝜀 

should be considered to become arbitrarily small relative to the 

target language (e.g. that of one’s parents).

In response to this argument, it might be pointed out 

that setting arbitrarily small error and success parameters 

yields the same extensional definition of learnability as PAC-

learnability, by ‘boosting’. The idea is that an algorithm that 

successfully reduces the error and success parameters to a 

fairly achievable constant can then be repeated (within a poly

nomial bound) in order to yield an arbitrarily small error with 

an arbitrarily high probability of success (Kearns and 
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Valiant, ‘Limitations’: cap. 4; Freund and Schapire, ‘A desi

cion-theoretic generalization of on-line learning and an applica

tion to boosting’). I therefore submit that any learning régime 

with arbitrarily small error and success parameters can only be 

justified if boosting is available. The standard justification for 

boosting is that the samples are drawn independently. I now 

turn to the justification of that view.

5. Independence. The task of the learner in the PAC-

régime is to learn from an arbitrary but fixed distribution. This, 

however, does not appear prima facie to characterise linguistic 

stimuli (Clark and Lappin, Nativism: § 5.2.1; Chater and 

Vitányi, ‘‘Ideal learning’ of natural language’: § 6.6). Clark 

and Lappin (Nativism: § 5.2.1) nevertheless argue that it is rea

sonable to assume independence as an idealisation, because al

most all computational studies assume it. The justification of 

this view is, in effect, that the independence assumption under

writes in effect only the application of various formulations of 

the law of large numbers, which, in effect, show that inferences 

from large samples are increasingly accurate as the size of the 

samples increases. In a more generalised ‘ergodic’ régime in 

which, to a first approximation, the sample proceeds through 

sample space freely, such laws of large numbers apply, and, 

therefore, analogues of PAC-learnability results often be 

proved. In particular, it is possible to use boosting algorithms 

in a liberalised ergodic régime (Lozano et al., ‘Convergence 

and Consistency of Regularized Boosting With Weakly Depen

dent Observations’).

What, therefore, ought we to expect from the PAC-learnability 

literature vis à vis natural language? Perhaps surprisingly, 

there is a case to be made that the assumption that error or 

success parameters can be made arbitrarily small is in fact, ex

tensionally, harmless. This is because it can be justified when

ever boosting is avilable, and boosting appears to be available 

in a liberalised erdogic régime that therefore may not be un

duly unrealistic so far as natural language is concerned. On the 

other hand, the standard criticisms about polynomial time ap

ply, and distribution-freedom seems potentially unwarranted.
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20 Alleged implications of learnability results.

I will begin with a fairly representative result, according to 

which the regular languages are not PAC-learnable. Since the 

regular languages are at the bottom of the Chomsky hierarchy 

and hardly sophisticated enough to include natural languages, 

their unlearnability is often regarded as suggestive. (I agree 

that their unlearnability is indeed suggestive, but not of ug, as 

some have thought.) I then briefly outline some considerations 

that have arisen in the debate over the interpretation of these 

results. An interesting feature of this debate is that it largely 

disregards the considerations of Chapter iii: it naïvely assumes 

that superpolynomial complexity is prohibitive and adopts a 

worst-case measure of tractability.

20.1 A representative result: the PAC-unlearnability of the regular 

languages.

Kearns and Valiant (‘Limitations’: § 4) defines certain crypto­

graphic problems that are widely believed to be superpolyno

mial in difficulty. We shall omit the details here. What is impor

tant is that if we assume that these cryptographic problems are 

hard, and we show that instances of the cryptographic problem 

can be reduced to instances of a learning problem with at most 

polynomial overhead, then the learning problem must also be 

(up to polynomial overhead) at least as hard.

Now, let us consider one way of regimenting the prob

lem of learning a language given labelled examples of strings 

in and out of the language. We will restrict ourselves to the rel

atively small class of regular languages.

We shall take the instance space 𝑋 to be {0, 1}𝑛, which 

can be viewed as a space of strings. We are then interested in 

acyclic finite automata that accept strings of length 𝑛 drawn 

from 𝑋.

20.1. Definition. Given a polynomial 𝑝, let ADFA𝑝
𝑛 denote the 

class of acyclic deterministic finite automata of size at 

most 𝑝(𝑛) accepting only strings of length 𝑛, and put 

ADFA𝑝 = ∪𝑛⩾1 ADFA𝑝
𝑛.

Since we have omitted the cryptographic details, we will only 

state (informally) the result.

The asymptotics of language 87



Asymptotics and language acquisition. ĉ v § 20

20.2. Proposition (informal). Assuming there is no polyno

mial-time algorithm to solve certain cryptographically 

hard problems (which is generally believed to be true), 

the following result holds: for some polynomial 𝑝, 

ADFA𝑝 is not efficiently polynomially learnable (using 

any hypothesis class).

20.2 Alleged consequences.

What follows? Nowak et al. (‘Aspects’) make two claims. First, 

the non-PAC-learnability of the regular languages entails that 

we must restrict hypothesis space. (This much, nobody dis

putes.) Second, the appropriate restriction yields ug.
Statistical learning theory also shows there is no procedure that 

can learn the set of all regular languages, thereby confirming the 

necessity of an innate UG.

Here, ug is glossed as a ‘collection of grammars’, in the same 

way as e.g. the context-free languages yield a class of gram

mars.

Some authors do not even indicate precisely which 

learning-theoretic results they have in mind when making 

structurally similar arguments. Yang (‘The Great Number 

Crunch’: 223) write that ‘[o]verwhelmingly, learnability results 

in··the PAC framework[] are negative’, and infer that ‘learning 

is not possible unless the hypothesis space is tightly con

strained by prior knowledge, which can be broadly identified as 

Universal Grammar’. Chez Yang, ‘universal grammar’ is associ

ated with ‘grammatical theories that postulate a finite range of 

variation, such as the Principles and Parameter framework, Op

timality Theory, and others’; what remains is then the empiri

cal question of how exactly we might decide between these 

proposals on empirical grounds. Kodner et al. (Linguistics will 

thrive: 5) similarly argue in favour of a ‘rich’ ug, on the 

grounds that learning theory shows that ‘it is not possible to 

learn all computable concepts from arbitrary data presenta

tions representative of them, with feasible amounts of compu

tational resources’. At any rate, I propose to examine the 

prospects of an argument from the cryptographic hardness of 

learning the regular languages.
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20.3 The existing debate.

The literature on the interpretation of these results has, I 

think, identified three principal problems with these argu

ments, other than those I outline in Chapter iii.

1. Negative results don’t force universal grammar. One 

style of argument runs thus (ibid.: § 2). Learning theory ‘clearly 

and firmly support[s]’ the poverty of the stimulus argument 

(here we can take this to include the PAC-unlearnability of the 

regular languages, though that is a slight abuse of the term 

‘stimulus’, since the hardness assumption is given by computa

tional rather than sample complexity.) If llms were to learn in 

an ‘unconstrained’ way, learning theory would show that to be 

possible only because ‘they were trained on inhumanly large 

training data[sic]’. Learning from a plausibly sized sample re

quires that we should constrain the hypothesis space. There

fore, if ‘small’ language models ever are successfully created, 

they too will encode ‘non-trivial structural priors facilitating 

language acquisition and processing’. These ‘biases, principles, 

and limitations’ are ‘some form of Universal Grammar’.

All these claims can be disputed, but let us examine the 

last. It seems to me that it is entirely erroneous on any reason

able view of what ug is. We cannot, for instance, identify any

thing comparable to merge, or the elements of a principles and 

parameters framework for language. If we were to discover 

that language models could only be successfully trained on 

corpora of a certain size with a certain ratio of novels, blogs 

and newspaper articles, that would certainly be interesting, but 

it would not remotely resemble the kind of enquiry found in 

generative linguistics. In any case, it is not even responsive to 

the immediate target of the argument, namely, Piantadosi 

(‘Language models’). He centrlaly claims that language models 

are perfectly good theories of language, and should substitute 

Chomskyan theories about grammar, competence and perfor

mance, and so on; he does so by cataloguing a series of suc

cesses they have had in conforming to standard grammatical 

rules, including those for embedded clauses, prepositional 

phrases, conjunctions, pronouns, determiners, quantifiers, ad

jectives, agreement and pronoun reference (ibid.: 3). Pianta

dosi (ibid.: 38 ff) claims that ‘their underlying architecture for 

learning is relatively unconstrained’. This is not to say that 
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there is no difference, for instance, between transformers and 

other architectures; but the fact that transformers have gener

ally performed better than many other architectures hardly 

amounts to a ‘rich’ universal grammar.

2. Positive and negative results do not straightfor­

wardly follow the nativist–empiricist divide. If positive learn

ability results were generally only to be derivable for nativist 

theories of language, that could (perhaps) be relatively convinc

ing evidence for the nativist (modulo the other issues men

tioned). But it is not, in fact, clear that nativists have much of 

an asymptotic advantage over empiricists. A common view of 

the supposedly advantages of nativist theories is expressed by 

Yang (‘The Great Number Crunch’: 223), who writes that
if there is a finite number of hypotheses, then learnability is in 

principle ensured.

There are a number of technical problems with this claim. 

First, it is not true so far as PAC-learnability is concerned. Sec

ond, there is a distinction between the space of hypotheses and 

the space of processes that generate the underlying distribu

tion over which learning is to be achieved. PAC-learnability is a 

stronger constraint on the second than the first. In particular, 

the so-called ‘VC dimension’ of the hypothesis space can be infi

nite even if the underlying learnable class must have finite VC 

dimension. Third, there is some evidence that ug-based models 

of language do not ensure learnability with respect to the com­

putational (time) complexity of learning, even if they ensure 

that sample complexity is reasonable (Clark and Lappin, Na­

tivism: § 10.1).

3. Distribution-freedom can be overcome. Most hardness 

results assume distribution-freedom. The usual justification 

for this is that we have few, if any, grounds to offer a more re

stricted characterisation of the evidence. However, Clark and 

Lappin (ibid.: cap 6) claim to offer a plausible model of lan

guage that accounts for ‘indirect negative evidence’ (that is, ev

idence of ungrammaticality through low probability) that is a 

relatively plausible account of natural language.

20.4 A critical view of the use of asymptotic analysis.

I don’t propose to settle any of these the debates above. What 

is important, however, is that they generally involve acceptance 
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of the Cobham–Edmonds thesis. If we were to be sceptical of 

the Cobham–Edmonds thesis, the dialectical pressure that 

hardness results would place on us to choose between theoreti

cal desiderata would be immensely lesssened, and so the 

salience of many of these considerations would accordingly di

minish. That, I submit, is the case. Most of the criticisms stated 

in Chapter iii are not addressed in this literature.

One interesting response, however, is given by Clark 

and Lappin (ibid.: § 7.4). They note the parallel with SAT, and 

the risk of ‘completely unsatisfactor[ily]…saying that we have 

algorithms that work when they work, and don’t otherwise’. 

Their first response is to advocate the study of parametrised 

complexity, which I also partly address in Chapter iii. But this 

is mostly a promissory note. Their second response is to note 

the learnability of ‘various subclasses of regular, context-free 

and context-sensitive languages’ by ‘applying distributional cri

teria to identify congruence classes in the dataset’. The prob

lem, however, is that these classes remain largely linguistically 

uninteresting, and so it is only conjectured that ‘we will even

tually be able to devise distributionally driven algorithms that 

can provably learn classes which include the set of natural lan

guages’.

20.5 Recapitulation.

We have seen that PAC-learnability is neither obviously justifi

able in terms of the plausiblity of its assumptions nor empiri

cally fruitful. There is a general paucity of positive PAC-learn

ability results that correspond to clearly articulated restric

tions on the hypothesis space that correspond in turn to nat

ural language. It seems that we are indeed reduced to ‘saying 

that we have algorithms that work when they work, and don’t 

othewrise’. Clark and Lappin do present some positive (slightly 

relaxed) learnability results, but, as they note, these fall short 

of natural language. We cannot therefore say that PAC learn

ability has earned its keep through its theoretical fruitfulness, 

because we do not even have positive results that account for 

the fact that children learn their first languages. If we think of 

PAC-learnability and its various polynomially bounded relax

ations as a criterion for separating hypotheses about learning 

language, all we have are various positive or negative results 
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for classes of language that are relatively near or far away from 

natural language (either idealised or not) without any clear way 

of distinguishing which ones are really closer or further away. 

It’s far from obvious how to infer from these anything about 

the inductive biases required to learn language. A rather nega

tive prognosis for the asymptotics of language acquisition fol

lows.
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vi Prolegomena to a future asymptotics of lan­

guage.

21 Recapitulation.

I have offered the following general criticisms of asymptotic 

analysis as a standard of tractability useful in philosophy.

§ 13 Polynomial constraints are misleading when assessing 

tractability in human cognition—and this view is not only per

fectly consistent with computational naturalism but arguably 

motivated by it.

§ 14 A focus on the worst case is also misleading in asymp

totic analysis.

This yields the outline of a different programme of tractability-

based argument in philosophy, which pays heed inter alia to 

the specific details of models of computation, the possibilities 

of parametrised complexity theory, and the inconclusiveness 

of seeming failures to make any progress in parametrised com

plexity theory in deciding whether problems might in practice 

be tractable. But this will require much mathematical progress. 

I therefore wish to conclude with another suggestion, which re

quires much less new mathematics, and instead might allow us 

to make progress mostly experimentally.

22 Distributional asymptotic adequacy.

We can think of tractability as a specific form of empirical ade

quacy. A theory according to which someone walked a distance 

they could only feasibly have travelled by taking a car is an em

pirically inadequate theory; from such resource constraints, we 

can generally probe theories for empirical adequacy. The vari

ous forms of tractability offered (actual tractability, observable 

tractability and so on) attempt to secure a standard of empiri

cal adequacy that is both theoretically informative in the sense 

that it is nontrivial and rules out many live theoretical candi

dates, and not too strong, in the sense that it does not rule out 

true theories. Here I sketch one standard of empirical adequacy 

that I suggest may be more fruitful. This is an essentially spec

ulative proposal, but I shall sketch how it might find empirical 

support.

We shall make the following suppositions.
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1. We are theorising about the use of a particular resource 

to solve a particular problem (e.g. the time taken in working 

out the meaning of an expression).

2. It is possible to quantify the use of this resource, as we 

standardly have done.

3. We are interested in the relationship between resource 

usage and a particular parameter (let us say it is the size of an 

expression for concreteness.)er of instances of the problem, 

and can observe directly resource usage and the value of the 

parameter. (Perhaps with a brain scan we can work out how 

long it takes to establish the meaning of an expression by mon

itoring neurological activity.) Consider the following cases.

4. There seems to be a linear, logarithmic or quadratic re

lationship between resource usage and the parameter.

5. Resource usage very rapidly climbs, plausibly exponen

tially, as the parameter increases.

Both of these, I think, are suggestive of an asymptotic con­

straint on theories as they apply to these actual cases. Take the 

first case. Suppose we are given two theories 𝑇1 and 𝑇2. 𝑇1 sug

gests 𝑂(𝑛) resource usage as a function of the parameter’s 

value 𝑛. 𝑇2 suggests 𝑂(2𝑛) resource usage. It seems that 𝑇1 is 

preferable. Similarly, consider the second case, in which re

source usage very rapidly climbs; in this case, 𝑇2 is preferable. 

(Of course, this is all a matter of somewhat approximate curve-

fitting, but that hardly distinguishes this task from other areas 

of natural science.)

The generalisation of these considerations leads to the 

following standard: distributional asymptotic adequacy. We can 

hold theories to a (defeasible) constraint that the asymptotic 

predictions they make about actual cases’ resource usage 

should match the observed distribution. (We can then extend 

this standard counterfactually, as in § 14.5.)

The very rough intuition is that superpolynomial com

plexity should, in general, lead to relatively sharp dropoffs in 

performance,26 whereas polynomial complexity—at least of the 

typical, low-degree kind—permits a more gradual dropoff in 

performance as the size of an input increases. Under the head

ing of performance here I include speed, the solution of poten

26 Here, I mean this in the colloquial sense, i.e. ‘good’ and ‘bad’ performance. 
I don’t mean Chomskyan performance.
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tially difficult cases in a reasonable period of time, accuracy, 

and so on.

23 A speculative application to language.

Some very long sentences are easy to parse and understand.

(5) Cows aren’t green or red or brown or politicians or 

plumbers…

Other long sentences are more difficult to parse and under

stand, such as (3).

Note, for instance, that (5) can be extended to a fairly 

great extent without loss of comprehensibility, whereas, even if 

(3) is intelligible, the following—obtained from (3) by adding 

two further centre-embeddings—is likely unintelligible.

(6) A person who, when riding a cycle, not being a motor 

vehicle, the motor being driven by internal combustion, 

internal combustion not including diesel-electrical mo

tors, on a road or other public place, not being a road 

designated in the schedule by the Secretary of State, is 

unfit to ride through drink or drugs shall be guilty of 

an offence.

Of course, our comprehension (on various measures) of (5) may 

eventually decline as the sentence is extended. But centre-em

beddings like (3) seem to decline in comprehensibility very 

quickly.

There seems here to be a rapid shift in the comprehen

sibility of centre-embeddings somewhere between depth two 

and four (compare (3) with (6)). On the other hand, there is no 

such rapid shift in the comprehensibility of sentences like (5).

What happens in cases like (3) if there are too many 

centre-embeddings? We may simply give up. Or we may use 

certain heuristics to guess the meaning of the sentence, which 

may have degraded performance and fail to even reliably ap

proximate the literal meaning of the sentence. Thus we have 

various corresponding measures of performance. These mea

sures trade off against one another, and asymptotic analysis 

can accordingly be used to chart predicted tradeoffs between 

resource usage and outcomes—how quickly accuracy or fidelity 
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to literal meaning must be surrendered as resources cease to 

suffice—and to hold theories to the tradeoff curves they pre

dict.

There is an analogy here with physical science. Con

sider, for instance, heating up a solid substance (e.g. a metal). 

Generally, heating up a substance increases its volume. But 

heating up e.g. a steel girder from 20 °C to 25 °C does not pro

duce any dramatic change. On the other hand, water takes up 

much more space when it is 101 °C than when it is 99 °C, be

cause of a phase transition.

In a slogan: real-world superpolynomial complexity 

should entail sharp dropoffs in performance. How might this 

help the study of language or cognition? I suggest that in 

studying capacities such as language processing or acquisition, 

we ought to examine the difference in size in successful cases. 

So, for instance, if humans generally are unable to understand 

sentences with centre-embeddings of depth greater than three, 

and there is a sharp cutoff, that hypothesis is compatible with 

superpolynomial complexity. More generally, we can formulate 

(informally) an inconsistent triad. It is stated, in the first in

stance, for a single cognizer confronting instances of varying 

size:

1. wide range in the sizes of successful cases (e.g. in the 

length or embedding depth of the sentences understood),

2. superpolynomial increases in difficulty on those cases, 

and

3. small variations in resources used.

The reason is that if there is a wide range in the size of the 

successful cases and a superpolynomial increase in difficulty 

as a function of that size, the resources used will have to differ 

by a factor given by a superpolynomial function of a large dif

ference, which contradicts the supposition that there is only 

small variation in resources used. There is also an across-peo

ple corollary: if different people succeed on very different sizes 

(e.g. vocabularies of ten thousand and of a hundred thousand 

words), difficulty grows superpolynomially in size, and re

sources vary little from person to person, the same contradic

tion follows—though across-people comparisons carry a 

caveat, since they confound differences in difficulty with indi
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vidual differences in resources. The illustration that follows is 

of this corollary form. For instance:

1. suppose that the size of human vocabulary generally 

varies by a factor of up to ten (from ten thousand to a hundred 

thousand),

2. and that learning each additional word takes twice as 

long as the previous one, uniformly across human beings; then

3. those with a vocabulary of a hundred thousand words 

will have spent many orders of magnitude more time simply 

learning the last word they did than those who have a vocabu

lary of ten thousand words spent learning their entire vocabu

lary.

If we also suppose that speakers make full use of the learning 

time available to them, then, on this doubling hypothesis, 

speakers with a vocabulary of a hundred thousand words must 

have had astronomically more learning time available than 

those with ten thousand—which is absurd. Of course, there 

aren’t any plausible theories on which the time required to 

learn a new word doubles each time, so nothing is ruled out in 

this case; that is only an illustration.

Speculatively, therefore, this might offer a way to dis

tinguish the mechanisms by which the same task is seemingly 

implemented in different systems. Suppose, for instance, that 

large language models display a gradual dropoff in perfor

mance, but humans display a sharp dropoff. That might sug

gest that the llms use a polynomial algorithm, but humans one 

with superpolynomial complexity. This, in turn, could suggest 

a fundamental architectural difference. If we return e.g. to the 

debate over language models as models of language, such an 

asymptotic difference might amount to the sort of difference 

between a language model and an adequate model of our own 

linguistic competence or performance. This therefore suggests 

an experimental means by which to attempt to distinguish us 

from them.

In studying human cognition, we might find that a the

ory predicts, for asymptotic reasons, a much narrower distrib

ution of outcomes against resources used than is actually ob

served. If I am right, tractability is only half the story. In a slo

gan: we should be concerned not only by what is too hard, but 

also by what is too easy.
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